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PREFACE. 


HE present work originated in certain notes, made about 

twenty-five years ago, upon the properties of some of the 
best-known higher plane curves; but upon attempting to revise 
them for the press, it appeared to me impossible to discuss the 
subject adequately without investigating the theory of the 
singularities of algebraic curves. I have accordingly included 
Plicker’s equations, which determine the number and the species 
of the simple singularities of any algebraic curve; and have also 
considered all the compound singularities which a quartic curve 
can possess. 

This treatise is intended to be an elementary one on the 
subject. I have therefore avoided investigations which would 
require a knowledge of Modern Algebra, such as the theory of 
the invariants, covariants and other concomitants of a ternary 
quantic; and have assumed scarcely any further knowledge of 
analysis on the part of the reader, than is to be found in most 
of the ordinary text-books on the Differential Calculus and on 
Analytical Geometry. I have also endeavoured to give special 
prominence to geometrical methods, since the experience of 
many years has convinced me that a judicious combination of 
geometry and analysis is frequently capable of shortening and 
simplifying, what would otherwise be a tedious and lengthy 


investigation. 
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The introductory Chapter contains a few algebraic definitions 
and propositious which are required in subsequent portions of 
the work. The second one deals with the elementary theory of 
the singularities of algebraic curves and the theory of polar 
curves. The third Chapter commences with an explanation of 
tangential coordinates and their uses, and then proceeds to 
discuss a variety of miscellaneous propositions connected with 
reciprocal polars, the circular points at infinity and the foci of 
curves. Chapter IV is devoted to Pliicker’s equations; whilst 
Chapter V contains an account of the general theory of cubic 
curves, including the formal proof of the principal properties 
which are common to all curves of this degree. In this Chapter 
I have almost exclusively employed trilinear coordinates, since 
the introduction of a triangle of reference, whose elements can 
be chosen at pleasure, constitutes a vast improvement on the 
antiquated methods of homogeneous coordinates and abridged 
notation. Chapter VI is devoted to the consideration of a variety 
of special cubics, including the particular class of circular cubics 
which are the inverses of conics with respect to their vertices; 
and in this Chapter the method of Cartesian coordinates is the 
most appropriate. A short Chapter then follows on curves of 
the third class, after which the discussion of quartic curves 
commences. 

To adequately consider such an extensive subject as quartic 
curves would require a separate treatise. I have therefore 
confined the discussion to the simple and compound singulari- 
ties of curves of this degree, together with a few miscellaneous 
propositions; and in Chapter IX, I proceed to investigate the 
theory of bicircular quartics and cartesians, concluding with the 
general theory of circular cubics, which is better treated as a 
particular case of bicircular quartics than as a special case of 
cubic curves. Chapter X is devoted to the consideration of 


various well known quartic curves, most of which are bicireular 
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or are cartesians; whilst Chapter XI deals with cycloidal 
curves, together with a few miscellaneous curves which fre- 
quently occur in mathematical investigations. The theory of 
projection, which forms the subject of the last Chapter, is 
explained in most treatises on Conics; but except in the case 
of conics, due weight has not always been given to the important 
fact that the projective properties of any special class of curves 
can be deduced from those of the simplest curve of the species. 
Thus all the projective properties of tricuspidal quartics can be 
obtained from those of the three-cusped hypocycloid or the 
cardioid; those of quartics with a node and a pair of cusps 
from the limaçon ; those of quartics with three biflecnodes from 
the lemniscate of Bernoulli or the reciprocal polar of the four- 
cusped hypocycloid ; whilst the properties of binodal and bi- 
cuspidal quartics can be obtained from those of bicircular quartics 
and cartesians. 

Whenever the medical profession require a new word they 
usually have recourse to the Greek language, and mathematicians 
would do well to follow their example; since the choice of a 
suitable Greek word supplies a concise and pointed mode of 
expression which saves a great deal of circumlocution and 
verbosity. The old-fashioned phrase “a non-singular cubic or 
quartic curve ” involves a contradiction of terms, since Plücker 
has shown that all algebraic curves except conics possess sin- 
gularities; and I have therefore introduced the words autotomic 
and anautotomic to designate curves which respectively do and 
do not possess multiple points. The words perigraphic, endo- 
dromic and exodromic, which are defined on page 14, are also 
useful; in fact a word such as aperigraphic is indispensable in 
order to avoid the verbose phrase “a curve which has branches 
extending to infinity.” 

At the present day the subject of Analytical Geometry 


covers so vast a field that it is by no means easy to decide 
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what to insert and what to leave out. I trust, however, that 
the present work will form a useful introduction to the higher 
branches of the subject; and will facilitate the study of a 
variety of curves whose properties, by reason of their beauty and 
elegance, deserve at least as much attention as the well-worn 


properties of conics. 


FLEpDBOROUGH HALL, 
Ho.yport, BERKS. 
August, 1901. 
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CHAPTER I. 
INTRODUCTION. 


1. BEFORE commencing the study of plane curves, we shall 
prove certain propositions connected with the Algebra of Quantics 
which will be required in subsequent Chapters of this work. 


A homogeneous function of any number of variables is called a 
quantic. Quantics are called binary, ternary, quaternary, n-ary 
according as they contain two, three, four or n variables; whilst 
the degree of the quantic is denoted by the words quadric, cubic, 
quartic, n-tic. Thus the general equation in Cartesian coordinates 
of three straight lines through the origin is a binary cubic, whilst 
the general equation of a conic in trilinear coordinates is a ternary 
quadrve. 


The most general expression for a binary quantic is 
Age Oye Yy OY? +... dnt” + any” «2000 (1), 


which is usually written in the abridged form (a, a, ... An) 2, yý. 
This form is generally the most convenient to employ in geo- 
metrical investigations; but in purely analytical ones it is usually 
better to use the form 


(n-=1) 


n 
Aye” + naay + 7] 


in which each term is multiplied by the coefficients of æ in the 
expansion of (1+.2)". In this expression the coefficients are said 
to be binomial, and the quantic is denoted by 


GEG Gay +. Gnd 2, y)" 


For quantics containing more than two variables a similar 
notation is employed. Thus the expression 


Cop a a, a -.. xp)” 


Age" *y? SP One Ny ry” y Any” thse (2), 
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denotes a p-ary n-tic, in which the different terms are multipliec 
by the coefticients of the corresponding term in the expansion of 
(a, tt +... Lp)”. 


= 


2, If F be a quantic, the result of eliminating the variables 
2,, Ly, ».. In between the equations 


av_, aF_, aF_ 
-e gp Gm 


is called the discriminant of the quantic. 


0 0 


The discriminant of every quadric can be at once written 
down in the form of a symmetrical determinant; for in this case 
dF/dx, &c. are linear functions of the variables. Thus the dis- 
criminant of the ternary quadric 


ax + by + 027 + 2fy2 + 2gza+ hey onses. (3) 
18 a, W g 
b oT 
Dhc 

or abe + 2fgh — af? — bg? — heia 1. (4), 


which expresses the condition that the quadric should be re- 
solvable into two linear factors. When the quantic is not a 
quadric, the elimination must be performed by the methods 
explained in treatises on Algebra; but for binary cubics and 
quartics, the elimination may easily be performed by the following 
process. 


3. Let 
(dy, ,, ... nha, y)” =0 and (by, bi, ... daha, yy" = 


be two binary n-tics. If both these equations be divided by y“ 
and z=/y, they become two equations of the nth degree inz 
Multiply the first equation by ba, and the second by an, subtract 
and divide out by z, and the resulting equation is one of degree 
n—1. Multiply the first equation by b, and the second by a, 
and subtract, and the resulting equation will also be of degree 
n—1. We have therefore replaced the two equations of degree n 
by two other equations of degree n—1, and the process may be 
continued until we arrive at two simple equations from which 
ean be eliminated. 
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The result of eliminating x and y between two binary quantics 
is called their eliminant. Eliminants are sometimes called re- 
sultants; but the former term is the better one, since it is more 
expressive of the precise nature of the process employed. 


4. We shall now write down the eterna A of the 
binary quadric, cubic and quartic. 


(i) The quadric (a, b, cYa, y} 


PE OS re (5). 
(1) The cubic (a, b, c, dQa, yy . 
A =(ad — be) — 4 (ac =D) (bd —c*) oo... eee (6), 
or A = ad? — babed + 4ac? + 4b?d —3b°c? ....0....... (7). 
(ii) The quartic (a, b, c, d, ex, yY | 
Ne gg ane (8), 
where I =ae—4bd + 3¢ ) 
ers ied — ad? = bast (9). 


5. Weshall next establish certain propositions concerning the 
roots of an equation. These theorems are contained in most 
treatises on the Theory of Equations, but it will be convenient 
to collect them for future reference. 


The condition that the equation F(z)=0 should have r equal 
roots 1s obtained by eliminating z between the r equations. 

aD = (2)=0, ... F(z)=0. 

Let a be one of the roots of F(z)=0; and let z—a=h; then 
by Taylor's theorem 

F(2=F(ath)=F(a)+hF’ (a) + PF” (a)+...=0. 

Since a is a root of the equation, F (a)=0; whence dividing 
out by h, it follows that if a second root is equal to a, #” (a) =0. 
Continuing this process it follows that if r roots are equal to a, all 
the differential coefficients of F(a) up to the (r—1)th must 
vanish. 

6. The condition that the equation (do, dh, ... anýz, 1)"=0 
should have two equal roots is that the discriminant of the binary 


quantic (ao, dy, ... Anh, y)” should vanish. 
Let 
Oy, Oy, «.- G02, 1)........00 000 (10), 
PE (Oy, Gin... Cn IX, Y) (11), 
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then we have already shown that the condition that (10) shoul 
have a pair of equal roots is that the eliminant of F(z)=( 
and F’(z)=0 should vanish ; and consequently the eliminant a 
F’ (z)=O and nF (z)—2zF’ (z)=0 must vanish. But on writing ou 
these expressions in full, it will be found that these conditior 
are the same as 

ag dE _ 

dæ ~” 
which are the conditions that the discriminant of F (æ, y) shoul 
vanish. 


0, 


If F(x,y) is a binary n-tic given by (11), it follows tha 
d'F /da" divided by the numerical factor n(n —1)...(n—7r+ 1) is. 
binary (n — r)-tic; in other words if 

F (æ, ¥) = (Contro aa ay 
1 dF e. 
sah n(n—1)...(n—r+1) da” (io, th, +.» Cn laa 


whence the theorem of § 5 may be otherwise stated :—If 
F(z) = (ao, Gr, ... On 4, 1)%, 
the condition that the equation F(z) =0 may have r equal roots i 


that the discriminants of F (z) and all its differential coefficients u 
to the (r — 2)th should vanish. 


7. We shall proceed to find the conditions for equalitie 
between the roots of cubic and quartie equations. 


The Cubic. 


The condition that two of the roots of the cubic 
(a, b, c, dýz, 1 =0 
should be equal is that the discriminant should vanish; whene 
by (6) the required condition is 
(ad — be)? — 4 (ac — bY) (bd — e) =0 2... 00. (12). 


If a third root is equal the discriminant of the quadrati 


(a, b, cz, 1} =0 must also vanish; whence by (5) we have th 
second condition 


ac- b= 0. 
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Combining this with (12) we obtain 
O00) NOG i) he (13), 


which are the required conditions that three roots should be 
equal. 


The Quartic, 


The conditions that three of the roots of the quartic 
(a, b, c, d, e§z, 1)*=0 


should be equal is that the discriminants (6) and (8) should 
vanish. From (6) and (9) we obtain 


I =ae— è — 4 (bd — o) 


ad — bc)? 
-| ag en? 
ee. 
~ ac — ?’ 
which by (8) requires that 
= Ua] |) Ae on (14). 


The condition that the quartic should have four equal roots 
involves the additional equation ac—b?=0. In combination with 
(14), this leads to the three equations 


UUE Ta i dje (15). 


The conditions that a quartic should have two pairs of equal 
roots, which are the conditions that the quartic should be the 
square of a quadratic factor, can be readily obtained by means of 
the relations which -exist between the coefficients and the two 
pairs of equal roots a and 8. These four relations, after a and 8 
have been eliminated, lead to the results 


ad? = be 
2b? + æd = 3abe 


8. The condition that the product of two of the roots of the 
equation F' (z) = 0 should be equal to — 1 is the condition that the 
eliminant of the equations F'(z)=0 and #(—z")=0 should 
vanish. This eliminant is required in finding the orthoptic locus 
of a curve, and we shall show how it can be obtained in the case 
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of the quartic (a, b, c, d, eẸz, 1)'=0. Express the coefficients in 
terms of the four roots a, a™', 8, y, and it will be found on elimi 
nating a that the four relations can be reduced to three which are 
functions of 8 + and By. Eliminate these two quantities, and 
the result is 


(b+d) (ad + be) +(a +c+e)(a—eP =0......... aa 


Putting successively c= 0, d=0 we obtain the corresponding 
eliminants for a cubic and a quadratic, which are 


(6+d)d+(a+c)a=0..... eee (18), 
ate =O eee (19). 


When F(z) is of the nth degree, the eliminant is of degree 
n — 1l in the coefficients. 


The Hessian. 


9. Let u be any quantic; let w,, Us, Us... denote its first 
differential coefficients with respect to the variables a, a, a... 
also let t41, Wz, ths ... denote the differential coefficients of u, with 
respect to 2,, T2, 7;.... Then the determinant 


. Un, UW, Wg +e 


Uiz, Un, Uo eee 


is called the Hessian of u. We shall denote it by the letter H. 


The Hessian is so called because it was first studied by the 
German mathematician Hesse, and it has important applications 
in the theory of curves. In the next Chapter we shall show that 
any ternary quantic equated to zero is the equation of a curve in 
trilinear coordinates; and that the Hessian when equated to zero 
represents a curve which passes through the points of inflexion of 
the original curve. 


The Hessian of a ternary quantic is evidently obtained by 
substituting the values of un..., uy... for a... f... in (4) and is 
therefore equal to 


Un Un Ug + PA T 145 Ue Ui Ua — Un Wis ja TEUA eeocee (21), 
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and since wu, &c. are of degree n—2 in the variables, it follows 
that the Hessian is of degree 3(n— 2). Hence the Hessian of a 
ternary cubic is also a cubic. 


The reader who possesses an elementary knowledge of invari- 
ants and covariants will observe that discriminants are invariants 
and Hessians are covariants. Binary quadrics and cubics have 
only one invariant, viz. their discriminant. Binary quartics have 
two invariants, viz. the functions J and J, the vanishing of which 
expresses the condition that the quartic (regarded as an equation 
in y/x) has three equal roots. A binary cubic has two covariants, 
viz. its Hessian H, and its cubicovariant G. The values of H 
and G are 


H = (ac — b) #? + (ad — be) xy + (bd — 0?) Yoens (22), 
G = (ad — 3abe + 25, abd — 2ac? + b’c, 
—acd + 2b?'d—be?, —ad? + 3bed — 2Y x, y)...(23). 
A ternary cubic has two invariants of degrees 4 and 6 in the 
coefficients, which are usually denoted by S and T. For further 
information on this subject the reader may consult Elliott's 


Algebra of Quantics; Salmon’s Lessons in Higher Algebra; and 
Salmon’s Higher Plane Curves. 


CHAPTER II. 
THEORY OF CURVES. 


10. THE general equation of a curve of the nth degree, when 
expressed in Cartesian coordinates, may be written in the form 


Un + Un—-1 + oooade Uy, + Uo == VU. 0 ce 6 + oe a clelelctelotenene (1), 


where u, is a binary quantic in x and y. The number of terms in 
u, is obviously one more than in u,_,, and is therefore equal to 
r +1; whence the total number of terms in (1) is 1+2+...... n+l, 
which is equal to § (n+ 1) (n+ 2). 


The number of independent constants in (1) is equal to one 
less than the number of terms it contains, since the generality of 
(1) remains unaltered when each term is divided by u, and new 
constants are substituted for the ratios of the old ones to up. 
Hence the general equation of a curve of the nth degree contains 
only 4n(n +3) independent constants, and therefore the curve 
can only be made to satisfy the same number of independent 
conditions. 


The general equation of a curve of the nth degree in trilinear 
coordinates (a, 8, y) may be written in the form 


Athy + aA, +... An + Un =O... ee (2), 


where un» is a binary quantic in 8 and y. Hence every ternary 


quantic of degree n contains § (n + 1) (n +2) terms, and $n (n +3) 
independent constants. 


11. It is shown in treatises on Algebra that if Um, Va be any 
rational algebraic functions of « and y of degrees m and n respec- 
tively, and if y be eliminated between the equations Um= 0, 
Va = 0 the resulting equation in æ will be of degree mn. Hence 
two curves of the mth and nth degrees intersect in mn points. 
Accordingly a straight line intersects a curve of the nth degree in 
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n points, and if n is odd one at least of these points must be real. 
A conic intersects the curve in 2n points, of which all must be 
imaginary or an even number must be real. 


Multiple Points. 


12. When a curve cuts itself once at the same point, the 
latter is called a double point, and the curve has two tangents at 
this point. When the two tangents are distinct, the double point 
is called a crunode or shortly a node; when they are imaginary, 
the point is called an acnode or a conjugate point; and when they 
are coincident, the point is called a spinode or cusp. 


An example of the three kinds of double points is furnished by 
the limaçon, whose equations in polar and Cartesian coordinates 
are 


r=a+bcosé 
and (a? + PE — 2ba (a? + y?) = (a? — bd) a? + ay? ......(3). 


When b >a, the curve is the inverse of a hyperbola with 
respect to a focus, and cuts itself at the origin. The angle 
between the tangents to the two branches is equal to 2 cos a/b, 
and the origin is a node. When a=b, the loop disappears, and 
the origin becomes a cusp, in which case the curve is called a 
cardioid. When a >b, the Cartesian equation is satisfied by æ = 0, 
y =0, but no real branches of the curve pass through the origin. 
The tangents at the origin are therefore imaginary, and the latter 
is a conjugate point. It thus appears that conjugate points are 
isolated points whose coordinates satisfy the equation of the curve, 
but the curve itself does not pass through them. 


When a curve possesses a conjugate point, the latter is always 
the limit of an oval which shrinks up into a point; and it will be 
shown hereafter that the acnodal limacon is a limiting form of a 
quartic curve, called the oval of Descartes, which consists of two 
ovals, one of which lies inside the other. 


13. When three branches of a curve pass through a point, the 
latter is called a triple point; and generally if & distinct branches 
of a curve pass through a point, the latter is called a multiple 
point of order k. 
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Contact. 


14. When two curves intersect one another in r + 1 coincident 
points, they are said to have a contact of the rth order with one 
another. 

When two curves have a contact of the first order with one 
another at two distinct points, they are said to have a double 
contact with one another. 


15. Every straight line through a double point has a contact of 
the first order with the curve at that point. 


Let any two points be taken on the curve in the neighbourhood 
of a double point; then the straight line through these points 
intersects the curve in at least two points. Accordingly by making 
the two points move up to coincidence with the double point, it 
follows that every straight line through the latter intersects the 
curve in two coincident points. 


16. Every tangent at a double point has a contact of the second 
order with the curve. 


Take any point P on the curve near the double point; the 
the line through P and the double point ultimately becomes 
tangent at the latter. But since every line-through a double 
point intersects the curve in two coincident points, the tangent a 
the double point intersects the curve in three coincident points. 


In the same way it can be shown that if a curve A passes 
through a double point on a curve B, the former has a contact of 
the first order with the latter at the double point, but the curves 
will not touch one another unless the curve A intersects one of the 
branches of B, which passes through the double point, in two 
coincident points. In this case the curve A will have a contact o 
the first order with the particular branch, and a contact of the 
second order with the curve B at the double point. 


17. A tangent to a curve is usually defined as a line which 
intersects the curve in two coincident points, or as a line which 
has a contact of the first order with the curve; but this definition 
is only applicable to curves of the second degree. For we have 
just shown that every line through a double point satisfies the 
preceding definition of tangency, whereas there are only twe 
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tangents at a double point, both of which have a contact of the 
second order with the curve. The preceding definition is conse- 
quently wanting in accuracy; and we shall therefore define a 
tangent at any point of a curve as the line of closest possible 
contact with the curve at that point. 


We shall now resume the consideration of multiple points. 


18. If a curve be referred to a point on itself as origin, the 
linear term equated to zero is the equation of the tangent at the 
origin. 

The general equation of a curve of the nth degree when 
expressed in polar coordinates may be written 


A +(B cos 0+ Csin 0) r +(D cos? 6 + Esin 20 + F sin? 0) r? 
2-0 o E a er (4). 


When the origin lies on the curve A =0, and one value of r is 
zero; if, however, 0 be determined so that 


Wee AC S116 = 0... oo... e seen eee ee (O) 
two values of r will be zero, and the line 
Ba + Cy=0 


is the tangent to the curve at the origin. 


19. If the origin be a double point the term of lowest dimensions 
is the quadratic term, and this term equated to zero is the equation 
of the tangents at the double point. 


If B= C=0 two values of r will be zero whatever the value of 
@ may be; and every line passing through the origin will have a 
contact of the first order with the curve. If, however, 6 be deter- 
mined so that 


D cos? + E sin 20 + F sin? 0 =0......00000000 (6), 


three values of r will be zero, and the two lines whose inclinations 
to the axis of æ are determined by (6) will have a contact of the 
second order with the curve. The origin is therefore a double 
point, and (6) gives the directions of the tangents at the origin. 
Their equation is 


Dæ + 2H ay + FP = Q.e (7). 
It appears from (7) that the two tangents at the double point 


will be real, coincident or imaginary according as Æ? > or = or 
< DF, in which three respective cases the origin will be a node, a 
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cusp or a conjugate point. In the case of the limagon, the 
tangents at the origin are given by the equation 

(a? a b?) x s ay? = 0, r 
hence the latter is a node or a conjugate point according a: 
b > or <a, that is according as the limaçon is hyperbolic or 
elliptic. When a=b, the curve is a cardioid and the origin is 4 
cusp whose cuspidal tangent is the axis of z. 


Although the cusp has occurred as a species of double point, 
it may be well to remark that it is really a distinct singularity ; 
moreover there are different kinds of cusps, such as rhamphoid, 
tacnode and oscnode cusps, all of which excepting the spinode are 
multiple points of a higher order than the second. The spinode is 
sometimes called a keratoid cusp from a fancied resemblance to 
the form of a horn. 


If D= E= F=0, the origin is a triple point, the tangents at 
which are determined by the equation u;=0. There are four 
kinds of triple points according as the roots of this equation are 
(i) real and unequal, (ii) real and two equal, (iii) real and all three 
equal, (iv) one real and two complex. 


Since every line straight or curved which passes through a 
double point intersects the curve in two coincident points, it 
follows that a cubic cannot have more than one double point; for 
if it had two, the line joining them would intersect the cubic in 
four points, which is impossible. Similarly a quartic cannot have 
more than three double points; for if it had four, a conic could be 
described through the four double points and any fifth point on 
the curve, and the conic would therefore intersect the quartic in 
nine points, which is impossible, since a conic and a quartic cannot 
intersect in more than eight points. Accordingly a limit exists to 
the number of double points which a curve can have. A curve 
may also have a lower number of double points than the maximun); 
and it will be shown hereafter that unless the discriminant of a 
ternary quantic vanishes, the curve obtained by equating the 
quantic to zero has no double points. A curve may also have 
imaginary multiple points, which must be reckoned amongst the 
singularities in the same way as real multiple points. For 
example, we shall prove later on that the cardioid has three 
cusps, one of which is real and the other two imaginary. 
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The foregoing remarks only apply to equations which represent 
proper curves, that is to say equations which are incapable of 
being resolved into factors which represent two or more curves of 
a lower degree than that of the equation. For example, if a cubic 
equation be capable of resolution into a linear and a quadric 
factor, the two points of intersection of the straight line and the 
conic satisfy the analytical conditions of a double point; and by 
parity of reasoning it appears that whenever a curve of the nth 
degree has more than the maximum number of double points, the 
equation representing the curve breaks up into factors, each of 
which represents a curve of a lower degree than the nth. 


20. Before proceeding further it will be desirable to give a 
few definitions. 


The deficiency D of a curve is the number by which the 
number of double points, real or imaginary, falls short of the 
maximum. 


The class of a curve is the number of tangents, real or 
Imaginary, which can be drawn from any point to the curve. We 
shall denote the class by the letter m. 


A point of inflexion is a point, which is not a double point, 
where the tangent has a contact of the second order with the 
curve. The tangent at a point of inflexion is sometimes called a 
stationary tangent. 


A point of undulation is a point, which is not a triple point, 
where the tangent has a contact of the third order with the curve. 
No curve of a lower degree than a quartic can have points of 
undulation. | 


A double tangent is a line which touches a curve at two distinct 
points. Since a double tangent intersects a curve in four points, 
no curve of a lower degree than a quartic can have a double 
tangent; but curves of a higher degree than the fourth may have 
multiple tangents of a higher order. Also a multiple tangent 
may have a contact of a higher order than the first. Thus a 
sextic may have (i) a triple tangent having a contact of the first 
order at three distinct points, (ii) a double tangent touching the 
curve at a point of undulation and at a point at which the contact 
is of the first order, (iii) a double tangent touching the curve at 
two points of inflexion. 


sÈ 
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21. Curves which possess double points will be called auto 
tomic (self-cutting); and curves which do not possess thes 
singularities will be called anautotomuc. 


A continuous closed curve will be called a perigraphic curve 
whilst a curve which possesses branches extending to infinity wil 
be called an aperigraphic curve. A circle or an ellipse is the 
simplest example of a perigraphic curve; whilst parabolas anc 
hyperbolas are aperigraphic. Curves of an even degree may be 
perigraphic or aperigraphic; but all curves of an odd degree are 
aperigraphic. 

All curves of an even degree, except conics, may consist of two 
or more perigraphic portions which may lie entirely within or 
entirely without one another. In the former case the curves will 
be called endodromic, and in the latter exodromic. 


It will be shown in Chapter X. that the oval of Descartes is 
an endodromic curve, consisting of two ovals, one of which lies 
inside the other; whilst, for certain values of the constants, the 
oval of Cassini is an exodromic curve which consists of two 
detached ovals external to one another. 


A curve which consists of one, two, three, &c. distinct portions, 
which may or may not be perigraphic, is called unipartite, 
bipartite, tripartite, &c. Thus an oval of Descartes, which has 
three real collinear foci, is endodromic and bipartite; but a 
Cartesian, which has one real and two imaginary collinear foci, 
is unipartite and perigraphic. 


Conditions for a Double Point. 


22. The equation of any line in trilinear coordinates which 
passes through the point (f, g, h) may be written in the form 


(a—f)/L=(B—g)/m=(y—A)[n =P eeen. (8), 
whence a=f+lr, B=gt+mr, yehtnr ...cccccoeee (9). 


To find where (8) intersects the curve F (a, B, y) = 0, substitute 


the values of a, 8, y from (9) and expand by Taylor’s theorem, 
and we obtain 


> d d d 
0= } (J, J, W)+r (lama +n) F+ $7°(...) + &e....(10). 
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If (f, g, h) lies on the curve, F(f, g, h)=0, and one of the 
values of r will be zero; if however (8) has a contact of the first 
order with the curve, two of the values of r must be zero, the 
condition for which is that 


an © dF > aF 


eee gg ay" e a ee (11). 


When (8) is a tangent to the curve, the values of (l, m, n) 
must satisfy (11), which is the condition that (8) should touch the 
curve; whence substituting the values of (l, m, n) from (8) and 
taking account of Euler’s theorem, we obtain 


dF dF 
ee’ dat” an? sesessneooossoo (12), 


which is the equation of the tangent at (f, g, h). 
If however the point (f, g, h) is such that 
a=), dEdg=0, dFjdh=0 ............ (13) 


every line through this point has a contact of the first order with 
the curve, and the point will be a double point. In this case it 
will be possible to eliminate (f, g, h) from (13); whence, the 
condition that a curve should have a double point is that the 
discriminant of its equation should vanish. 


Since a. pair of intersecting straight lines is the only conic 
which possesses a double point, it follows that the vanishing of the 
discriminant is the condition that a ternary quadric should break 
up into two linear factors. 


If a curve be given by the Cartesian equation F (æ, y) =0, it 
can be shown in the same manner that the double points, 
supposing any exist, are determined by the equations 


CN MT 0 kT nenes (14). 
It can also be shown that if the equation of the curve be written 
in the form i, 0, where u, is a binary quantic in æ and y, the 
condition e double points should exist is that the discriminant 


. e n Py 
of the ternary quantic X u,z"-" should vanish. 
0 
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Polar Curves. 


23. Before considering the theory of polar curves, it will } 
convenient to explain the notation that will be employed, and al 
to prove a preliminary proposition. 

The letters a, 8, y will be employed to denote the triline: 
coordinates of a variable point; the letters (ff g, h) will denoi 
the coordinates of a fixed point in the plane of the curve; and th 
letters £, , € the coordinates of a fixed point on a curve. Als 
the letters A, A’ will be used to denote the operators 


d d d 
ro d d 
If F(x, y, 2) be any ternary quantic of degree n, and if a +; 
B +g, y+h be written for x, y, z, then 

AP A’n—p 

Thha B, vea- g, h). 
By Taylor's theorem, 

A2 


and 


12 
F(a+f,B+ 9,y+h)= F(f,g,h) +A F+ > wie FF"... UG 


where F’=F(f, g, h). Since F is a homogeneous function i 
follows that 


Fath 8+9,y+h)=F(a, B, y)+ FC, g,h) +P, 
where P consists of a series of products into which at least one oi 


the quantities a, 8, y enters into combination with at least one oi 
the quantities f, g, h. 


Since A”F does not contain a, B, y it follows that 
P(f.g, h)= Š A"F (a, B, 9): 


similarly F (a, B, y)= - AF (f, g, h), 
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whilst the sum of the remaining terms of (15) and (16) are each 
equal to P. Now in (1 , 


5 APF (a, B, y) 


is the portion of P which is a homogeneous function of ( f, g, h) of 
f E P; whilst in =" 


Aep M 
i I (Ff, 9, h) 
is the portion of P which is a similar function of ( f, g, h); whence 
the two expressions are equal. 


24, We have shown in § 22 that the equation of the tan- 
gent at any point (E, n, €) on a curve is- 


at dF dF 


a PO n Y. -To a =; |) T o (17), 
but if the tangent passes ON (f, 9, h) 
ae ak 
tet Ia, “a h — dE” = (18). 
Hence the curve 
GEIS) | a ee (19) 


passes through the points of contact of all the tangents drawn’ 
from the point (f, g, h) to the curve. This curve is called the 
first polar of (f, g, h). 

If F be of the nth degree, AF is of the (n—1)th degree; 
whence a curve and its first polar intersect in n (n— 1) points. 
It therefore follows that from any point not on a curve, the 
maximum number of tangents that can be drawn to the curve is 
n(n—1); hence not more than six tangents can be drawn to a 
cubic, nor twelve to a quartic. We shall, however, prove here- 
after that when a curve has multiple points the number of 
tangents is reduced, and that the class of every autotomic curve 
of the nth degree is less than n(n — 1). 


25. From any point on a curve, not more than (n+ 1)(n-— 2) 
tangents can. be drawn to the curve exclusive of the tangent at the 
point itself. 

Let O be a point in the neighbourhood of a curve; draw the 
tangents OP, OQ touching the curve at points near O. Then, 

B. C. 2 
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excluding OP, OQ not more than n(n—1)—2 or (n+1)(1—2 
tangents can be drawn from O; but if O moves up to coincidence 
with P, the two tangents OP, OQ coincide; hence excluding th 
tangent at P, not more than (n + 1)(m—2) tangents can be draw 
from P. 


26. From a point of inflexion, not more than n(n—1)—¢ 
tangents can be drawn to a curve. 


At a point of inflexion P the curve cuts its tangent, and th 
latter has a contact of the second order with the curve. From 
point O near P, draw three tangents OQ, OQ., OQ, touching th 
curve at points near O. Then two of the points of contact will Ii 
on the same side of the tangent at P that O does, whilst the thir 
one will lie on the opposite side. But when O moves up t 
coincidence with P all three tangents will coincide with th 
tangent at P; hence the number of remaining tangents that car 
be drawn from P to the curve is n(n —1)-— 3. 


27. From a node, not more than n(n—1)—4 tangents can b 
drawn to a curve. 


Let O be a point on the curve near the node; then we hav 
shown in § 25 that (n+1)(n—2) tangents can be drawn to the 
curve from O. But two of these tangents will touch the branci 
which does not pass through O at two points P and Q which ar 
near the node. Hence when O coincides with the node, these tw 
tangents will coincide with the other nodal tangent, and therefor 
not more than (atl) 2)-—2=n(n—1)—4 tangents can bi 
drawn from the node. 


28. From a cusp, not more than n(n—1)—8 tangents can b 
drawn to a curve. 


Let O be a point on the curve near a cusp; then only on 
tangent can be drawn from O to touch the other branch in tht 
neighbourhood of the cusp, and when O coincides with the cusp 
this tangent coincides with the cuspidal tangent. Hence the 
number of tangents which can be drawn from a cusp is 


(n+1)(n—2)—1l=n(n—1)— 


The last four propositions may be stated in a somewha 
different form. If m be the class of a curve, the number o 
tangents which can be drawn from any point O which is not o1 
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the curve is equal to m; and the preceding results show that if O 
is a node the number of tangents is equal to m—4; if O isa cusp 
or a point of inflexion, the number is m—8; whilst if O is an 
ordinary point on the curve, the number is m — 2. 


29. The equation 
NEN GES) rr ae (20) 


is called the pth polar of the curve with respect to (£ g, h), and is 
a curve of degree n—p. Also by § 23, the pth polar may be 
written in the form 


POE E (21). 


The (n — 1)th polar is therefore a straight line, which is called 
the polar line; whilst the (n—2)th polar is a conic, which is 
called the polar conic. The equations of the polar line and polar 
conic are 


mew), amd AlN” = 0 annees. (22). 
If one of the vertices, say A, of the triangle of reference be 


taken as the pole, g = h = 0, and the pth polar assumes the simple 
form 


By means of (19) of § 24, it can be shown that when a curve 
is expressed in terms of Cartesian coordinates, the first polar of 


29) dF dF 
ooa tt te. = 0 ee. (24), 


30. The locus of all points, whose polar lines pass through a 
fixed point, is the first polar of that point. 

Let (f, g, h) be the fixed point; (E, n, ¢) any other point. 
The equation of the polar line of (E, n, ¢) is 


a. 
but if this pass through the point (f, g, l) 
| dF dF „dF 


which shows that the locus of (£, 7, & is the curve AF = 0, which 
is the first polar of ( f, g, h). 


dF dF 
a a 0; 


2—2 
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In the same way it can be shown that the locus of points 
whose polar conics pass through a fixed point, is the second pola 
of that point, and so on. 


31. The first polars of every point on a straight line pas: 
through the pole of that line. 


Let (f, g, h) be the pole, then the equation of the polar line is 


oF dF 
y T tim: 


hence if (E, 7, &) be = ry on this line, 


£ dF ¿d put 

“et dg ET 0, 
which shows that the first polar of (E, n, ¢) passes through 
(J; 9, h). 


32. Every straight line has (n — 1 ¥ poles. 


Let P and Q be any two points on a straight line, O its pole 
Then by the preceding proposition, the point O lies on the firs 
polars of the curve with respect to P and Q; but these two polar: 
being of the (n—1)th degree intersect in (n — 1) points; hence 
there are (n — 1)? points which have the same polar line. 


` 
33. The polar line of every point on a curve is the tangent a 
that point. 


The equation of the polar line of (f, g, h) is A'F'=0; andi 
(J, 9, h) lie on the curve, this is the equation of the tangent al 
that point. 


34. Every polar of a point on the curve touches the curve a 
that point. 


If Up be the pth polar of (f, g, h) 
Up= APF = 0.6.....0000 (25), 


which obviously passes through (f, g, h). The equation of th 
tangent to Up at (f, g, h) is A’U,’=0; but since U, is a ternary 
quantic of degree n — p, this may be written A*-?— U, =0 by § 23 
Whence substituting the value of U, from (25), the equation ¢ 
the tangent to U, becomes A" F = 0, which by § 23 is the samt 
thing as A’F’ = 0, which is the equation of the tangent to F at tht 
point (f, g, h). 
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35. The first polar of any point passes through every double 
point on a curve. 


By § 22, the coordinates of a double point satisfy the equations 
dF/da=0, dF/d8=0, dF/dy=0, which obviously satisfy the 
equation AF = 0. 


36. In § 9 we have defined the Hessian of a quantic; we 
shall now proceed to investigate some of the properties of the 
curve obtained by equating to zero the Hessian of a ternary 
quantic, which we shall denote by H (a, B, y)=0. 


The Hessian of a curve is the locus of the points whose polar 
conics break up into two straight lines. 


The equation of the polar conic is A?#”=0. Let A=a@?F/df?, 
F=@F/dgdh &c. &c., then if the polar conic be written out at full 
length it becomes 

Ac? + BB? + Cy? + 2F By + 2Gya + 2HaB = 0. 


The condition that this should break up into two straight lines 
is that its discriminant should vanish ; and the discriminant of the 
conic is obviously the Hessian of F (f, g, h). Hence 


H (f, 9, h)=9, 
and therefore the point (f, g, h) lies on the curve H (a, 8, y) = 0. 


37. The Hessian passes through every double point. 


The coordinates ( f, g, h) of a double point satisfy the equations 
dF/df=0 &c.; and therefore by Euler’s theorem 
Af+Hg+Gh=0, 
Hf+ Bg + Fh=0, 
Gf+ Fg +Ch=0, 


which shows that the Hessian H (f, g, h)=0, and therefore the 
double point lies on the curve H (a, £, y) = 9. 


38. If the first polar of a point A has a double point at B, 
then the polar conic of B has a double point at A. 


Let (f, g, h) and (E, n, £) be the coordinates of A and B. The 
condition that the first polar of A should have a double point is 
that the differential coefficients of AF should vanish at B. Hence 
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if A..., F... denote the second differential coefficients of F (E, n, &), 
we must have 
Af+Hg+Gh= 0) 
Hf + Bg + Fh=0 
Gf + Fg+Ch=0 


which requires that H (E, n, €)=0. This shows that if the first 
polar of a curve has a double point at B, then B must lie on the 
Hessian; and therefore by § 36, the polar conic of the double 
point B must break up into two intersecting straight lines. The 
polar conic of B is 


Aœ + BB? + Cy + 2F By + 2Gya+ 2HaB = 0, 


and the double point, which is the point of intersection of the two 
straight lines constituting the conic, is determined by the equa 
tions 

Aa+HB+Gy=0 &c. &e., 


which by (26) are obviously satisfied by (f, g, A). 


39. Equations (26) give relations between the coordinates of 
the points A and B; and if we eliminate (E, 7, &) we shall obtain 
the locus of A, which is called the Steinerian after the German 
mathematician Steiner. The Steinerian is the locus of the points 
of intersection of each pair of straight lines which is the polar 
conic of points on the Hessian. 


40. Every curve of the nth degree has n real or imaginary 
asumptotes. 


Since an asymptote touches the curve at infinity, it follows 
that the asymptotes are the tangents at the points where the line 
at infinity cuts the curve, and there are consequently n asymptotes. 


A more analytical proof is furnished by the method for finding 
asymptotes explained in books on the Differential Calculus. This 
method consists in substituting wa + 8 for y in the Cartesian 
equation of the curve, and equating the coefficients of a” and 21 
to zero, which furnishes two equations for determining u and £. 
Since the equation for p is in general of the nth degree, n real or 
imaginary values of u exist. 
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On the General Equation in Trilinear Coordinates. 


41. The general equation of a curve of the nth degree may 
be written in the form 


F (a, B, y) = ua + ua" + ua"? +... ug =0...... (27), 
where un is a binary quantic in 8 and y. The equation may also 
be written in two similar forms by interchanging the letters a, 8 
and y. 

If the curve pass through the vertex A of the triangle of 
reference, (27) must be satisfied by 8 = y =0, which requires that 
w=0. Hence if a curve pass through the angular points of the 
triangle of reference, the terms involving the nth powers of a, B, y 
are absent. 

If, in addition, we seek the points where the line u,.=0 cuts 
the curve, we find by eliminating y that the resulting equation 
contains §? as a factor, which shows that the line 8=0 or CA 
cuts the curve at a point where u, has a contact of the first order 
with it. From this it follows that if a curve pass through the 
‘angular points of the triangle of reference the coefficients of the 
(n—1)th powers of a, B and y equated to zero are the tangents at 
these points. 

If the point A be a double point, u, as well as u, must be zero ; 
and u,=0 is the equation of the tangents at A. 

If therefore the angular points of the triangle of reference are 
double points, the coefficients of the (n—2)th powers of a, B, y are 
the tangents at the double points. 

If A be a point of inflexion, the tangent at A must meet the 
curve in three coincident points. If therefore in (27) we put 
u, = 0 and eliminate y, the resulting equation must contain 8° as 
a factor. This requires that u.=u,v,, and (27) becomes 

Ua" + Uva" + Usa" +... Un =O... eee (28). 

The last result enables us to prove the following important 

proposition. 


42. The points of inflexion are the points of intersection of a 
curve and its Hessian, and their number cannot exceed 3n (n — 2). 
By § 29, the polar conic of A is 


PR 
da” T 0, 
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whence if A be a point of inflexion, the polar conic is 
wt, (n= 1) a +3} =0 eaa (29), 


from which it appears that the polar conic of a=point of inflexio 
breaks up into two straight lines, one of which is the tangeni 
u, = 0, whilst the other is the line (n —1)a+v,=0. Hence ever 
point of inflexion is a point on the Hessian. Also since the 
degree of the Hessian is 3(n — 2), the number of points of inflexiot 
cannot exceed 3n (n — 2). 


If in (27) all the coefficients up to and including up- are zero, 
the vertex A is a multiple point of order k; and the equation 
u,=0 determines the & tangents to the curve at A. 


43. If a curve has a multiple point of order k, that point will 
be a multiple point of order k—1 on the first polar, of order k—2 
on the second, and so on. 


Let A be the multiple point and B the pole. Then the 
equation of the curve is of the form 


upak + up, a a eet (30), 
and the first polar of B is 


duz ak 4 a dun _ 


dB E 


and since du;,/d8 is a binary quantic of degree k—1, it follows 
that A is a multiple point of order k — 1 on the first polar. 


arkai 4 0, 


44. If two tangents at a multiple point coincide, the coinciden 
tangent touches the first polar of every point. 


The equation u,=0 gives the & tangents at the multiple 


point A ; but if two of them coincide, we must have . 


Up = (MB + vey)? Vka. 
Now the coefficient of a”— in the first polar of B is 
(MA + vy) {2ury 2+ (uB + vy) drz_./dB}, 


which equated to zero gives the tangents at A to the first polar; 
hence the line 48 + vy = 0 touches both curves. 


Putting k = 2, it follows that the tangent at a cusp touches 
the first polar of every point. 
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45. A multiple point of order k on a curve is a multiple point 
of order 3k —4 on the Hessian. 


The equation of a curve having a multiple point at A is given 
by (30), and if A =@F/dæ ..., F=d?F/dBdy..., the equation of 
the Hessian is | 


ABC +2FGH — AF? — BG?— CH?=0......... (31), 


which is of degree 3n—6. Now the degrees of a, 8, y in the 
different terms are shown in the following table : 


A B C F G H 
a n—k-2, n—-k, n—-k, n-k, n-k—1, n-k-l1, 
B eee, ks , ka k 6 , k=l, 
y es , k , k-2, k—-2, k—-1 , k 


From this table it appears that the highest power of a is of 
degree 3n — 3k — 2, and that its coefficient is a binary quantic in 
B and y of degree 3k—4. Hence A is a multiple point on the 
Hessian of order 3k — 4. 


46. Every tangent at a multiple point on a curve is a tangent 
to the Hessian at that point. 


- Let the line 8 = 0 coincide with any tangent through A to the 
curve; then up must contain 8 as a factor and must therefore be 
equal to Bvz—ı.- But on referring to the table we see that the 
highest powers of a in A, C and G must contain £ as a factor, 
and since every term of the Hessian must contain A, C or G, the 
coefficient of the highest power of a in the Hessian contains 8 
as a factor and therefore this line is the tangent at the point A 
to the Hessian. 


Putting k= 2, it follows that every double point on a curve is 
a double point on the Hessian, and that the tangents at the 
double point are common to the curve and its Hessian. 


Singularities at Infinity. 


47. In § 41 we investigated the conditions that a curve 
should have’ a double point or a point of inflexion at a finite 
distance from certain lines of reference ; but it frequently happens 
that a curve has singularities at infinity, and we shall now explain 
a method by which such singularities may be determined. 
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Let ABC be the triangle of reference, and let AB’C’ be 
subsidiary triangle of reference such that the base B’C’ cuts tl 
lines AB, AC in B’ and O’. Let (a, B, y) and (@, B, y) be th 
trilinear coordinates of a point referred to the two triangles, wher 
a’ =0 is the equation of B’C’ referred to ABC, and consequently í 
is a linear function of a, 8, y. 


The equation of a curve having any proposed singularity at J 
can be at once written down whenever the nature of the singularit 
is known. If, however, B’C’ be supposed to move off to infiniti 
BC’ will become the line at infinity, and its equation referred t 
ABC will be J =0, where 


L[=aa+bB+cy; 


consequently the trilinear equation of a curve having any proposes 
singularity at infinity upon the line AB may be obtained by firs 
writing down the trilinear equation of a curve having the propose 
singularity at B, and then changing a into J. 


The general equation of a curve having a double point a 

B is 
Beu, + 8" Uy F oe Ue, =O (32), 
where u, is a binary quantic in a and y. Hence the genera 
eyuation of a curve having a double point at infinity on the lini 


AB is of the same form as (32), where un is a binary quantic in ; 
and y. 


48. To find the equation of a curve having a double point a 
infinity on the axis of x. 


Let the triangle of reference have a right angle at A, and le 
AB and AC be the axes of wand y. Then the trilinear equatior 
of a curve having a double point at B is given by (82). Let 


Ug = A2? + uay + vy? ; 


then when B moves off to infinity, we must write 


where J is constant, whence (32) becomes 
a”? (XL? + Quy + vy?) + aU, +... Un =0......(34), 


where U,, is a polynomial of the nth degree in y. Equation (84 
is the general equation in Cartesian coordinates of a curve whic 
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has a double point at infinity lying on the axis of æ. The equa- 
tion of the tangents at the double point is 


AL? + Quly + vy? = 0, 


and the latter will be a node, a cusp or a conjugate point according 
as w? > or = or < dp. 


When v= 0, the line at infinity is one of the tangents at the 
double point; and when » =v = 0, the double point is a cusp and 


the line at infinity is the cuspidal tangent. 
| 


49. To find the equation of a curve having a point of inflexion 
at infinity on the axis of x. 


The general equation of a curve having a point of inflexion at 
B is 
Bu, (pa + qB +ry)+ B” ts +... Un =O...... (35) ; 


whence if B is at infinity, the trilinear equation is found by writing 
T for a; whilst the Cartesian equation is found as in the last 
article by substituting the values of «æ, 8, y from (33). Whence if 
Wn = Aa + vy, the required equation is 


ao? (rT + vy) (pl +qu +ry) + aU; +... Un = 0...(36). 


The equation of the inflexional tangent is 


and is therefore parallel to the axis of æ, excepting in the case 
in which vy = 0, when it becomes the line at infinity. 


50. To find the condition that the line at infinity should touch 
the curve. 


If the line a= 0 is the tangent at C, the equation of the curve 
j Yia + yU F e Un = Ooeseenseerossee (38), 
where w, is a binary quantic in a and 8. Let 
a=I, B=y, y=as+ by, 
then (38) becomes 
(ax + by)" + (ax + by) >U: +... Up= 0, 
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where U, is a polynomial in y. The axis of « joins the origi 
with the point of contact of the line at infinity with the curve. 


By proceeding i in a similar manner, we can find the Cartesia 
equation of a curve with which the line at infinity has a highe 
contact than the first. 


Imaginary Singularities. 


51. It frequently happens that a curve has imaginary singt 
larities. Thus in Chapter V. it will be shown that ever 
anautotomic cubic has six imaginary points of inflexion, whilk 
a quartic may have a pair of imaginary nodes or cusps; but 1 
order that a curve may be real, it is necessary that the number ¢ 
imaginary singularities of any proposed kind shall be even. W 
shall now explain a method for determining the conditions fo 
these singularities. 


Let ABC be the triangle of reference, and let us construct 
subsidiary triangle of reference by taking any two points B’, C” o 
BC. Let (a, B, y) and (a, 8’, y’) be the trilinear coordinates of 
point referred to ABC and ABC’. Then ~’=0, y =0 will b 
the equations of AC’, AB’ referred to ABC, and will be linea 
functions of 8 and y. 


Let there be two singularities of the same kind at B’ and C 
and write down the trilinear equation of a curve referred t 
A BC" having these singularities at B’, C’. If the singularities ar 
imaginary, B’ and C’ will be imaginary points, and the lines Ab 
AC’ will also be imaginary; but in order that the curve may b 
real, it is necessary that AB’, AC’ should be a pair of conjugat 
imaginary lines, and their equations must accordingly be of th 
form 8 + tky=0 and 8 — iky = 0, where k is a real constant. We 
must therefore substitute these values of 8’, y’ in the equation d 
the curve, and replace the imaginary constants by new reé 
constants, and the resulting equation will represent a real curv 
having a pair of conjugate imaginary singularities on the line Bt 
or a= (0. 


The Cartesian equation of the curve may be obtained bi 
writing 
B=2, y=y, a=Axv+By+C; 
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and the resulting equation will represent a curve having a pair of 
imaginary singularities of the proposed kind on the line 


Az+By+C=0. 


When the imaginary singularities are at infinity, we must 
proceed as before, but write I for z, where [=0 is the line at 
infinity. 


The most interesting case of imaginary singularities at infinity 
occurs when the singularities are situated at the circular points at 
infinity ; but the discussion of this question must be postponed to 
a subsequent chapter. We shall merely observe that the Cartesian 
equation of a curve having a pair of singularities at these points 
may be obtained by first writing down the trilinear equation of a 
curve which has the proposed singularities at B and C, and then 
writing 

= const, B=æ+iy, y=urvy. 


CHAPTER III. 


TANGENTIAL COORDINATES, 


52. In the Cartesian or the trilinear system of coordinates, 
curve is defined as the locus of a point which moves in a prescribi 
manner. This condition leads to a functional relation between th 
coordinates of the moving point, which is called the equation ¢ 
the curve. 


In the tangential system, a curve is defined as the envelope í 
a line which moves in a prescribed manner. Since the position ¢ 
any straight line is completely determined by means of two ind 
pendent quantities, the condition that the line should move in th 
prescribed manner involves a relation between these quantitie 
which is called the tangential equation of the curve. 


The system of tangential coordinates which we shall no 
explain was invented by the late Dr Booth’ and is sometime 
called the Boothian system. Let £ and 7 be the reciprocals ¢ 
the intercepts which a straight line cuts off from the axes; the 
the equation of the line is 


and if this line envelopes a curve, a relation must exist between _ 
and » of the form 


which is the tangential equation of the curve. 


53. To find the tangential equation of a curve whose Cartesi 
equation is given. 


Let the Cartesian equation of the curve be 
Un + Un +... UW HU =O csesosocococooosoo (3), 
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where un is a binary quantic in æ and y. By (1) this equation 
may be made homogeneous in æ and y, by multiplying each term 
by the appropriate power of xẸ+ yn, in which case it takes the 
form 


Un + (£E + yn) Uni he.: (aE + yn)” uy =0 tececcces (4). 


If (4) be divided by x”, the resulting equation determines n 
values of tan 0, where @ is the vectorial angle of the n points in 
which (1) cuts (3). If however (1) touches (3), two of the roots 
of (4) must be equal, the condition for which is that the discrimi- 
nant of (4) should vanish. This gives a relation of the form 


where A is the discriminant, which is the required tangential 
equation. 


The discriminants of a binary quadric, cubic and quartic have 
been given in § 4; hence the tangential equation of any conic, 
cubic or quartic can be obtained by substituting the values of the 
coefficients of powers of x and y from (4) in the discriminants. 


54. To find the Cartesian equation of a curve whose tangential 
equation is given. 


Let the tangential equation be 
od) ee AO) ere (6), 


Where v, is a binary quantic in £ and n. Make (6) homogeneous 
in é and ņ by multiplying each term by the appropriate power of 
E+ yn, and we obtain 


Un + (LE + YN) Una +». (E+ YN)” Up =O ore eee (7): 


Now if y be the angle which any tangent drawn from the 
point (2, y) to the curve makes with the axis of x, tan y = — &/n; 
hence if (7) be divided by y”, the resulting equation determines 
the n values of ~ corresponding to the n tangents which can be 
drawn from (a, y) to the curve. If, however, the point (x, y) lies on 
the curve, two of the values of tan y must be equal, the condition 
for which is that the discriminant of (7) must vanish. This gives 
a relation of the form 


“CP, (= T Soo e eee (8), 


which is the Cartesian equation of the curve. 
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From the last two articles we obtain the following p 
positions :— 
(i) If f(x, y)=0 is the Cartesian equation of the cu 
whose tangential equation is F(E, n)=0, thew f (E, n)=0 is 
tangential equation of the curve whose Curtesian equation is 
F(x, y)=9. 

(ii) The class of a curve is the same as the degree of 
tangential equation. 


55. In practice, the most convenient method of finding t 
tangential equation of a curve is to write down the equation 
the tangent at any point (a, y), which gives the values of (E, 9) 
terms of x and y, and then to eliminate the two latter quantit 
by means of the equation of the curve. We shall apply 
method to find the tangential equation of the curve 


(ajay + (y/b)*=1......... er (o} 
The equation of the tangent at (a, y) is 
Xan re 
in =i, 
iy b” 


where (X, Y) are current coordinates; whence 
E = yn-l /a*, n= ie oe 
and the tangential equation is 


n n 
(a-i p(o Pi S ooe (10). 
Equations of curves can also be transformed from Cartesian 
tangential coordinates and vice verså by the methods explain 
in books on the Differential Calculus for finding the envelope of 
line. Should, however, a troublesome elimination be necessar 
the discriminant may be used with advantage. 


56. We must now determine the geometrical meaning of tI 
different terms of a tangential equation. 


The equations =a, 7 =b represent a line which cuts off fro 
the axes intercepts equal to a~, b-; and the equations &=0, 7= 
represent the line at infinity. 

The equation AE + Bn =C represents a point whose Cartesi: 
equations are «= A/C, y= B/C. If C=0, z and y are infinit 
and therefore the equation AE + Bn = 0, where A and B are ar 
constants, represents a point at infinity. 
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The equation AE? + Bn? = C represents a central conic; for if 
in (9) and (10) we put n=2, equation (9) represents a conic, 
whilst (10) is of the preceding form. 

The equation v, + vı + %) = 0 is the general tangential equation 
of a conic, since it represents a curve of the second class and 
conics are the only curves of this class, 


The equation vs + v.+ V + % = 0 is the general equation of a 
curve of the third class, and we shall show in Chapter VII. that 
these curves may be sextics, quartics or cubics. 


If f(E, »)=0 and F(E, n)=0 be the tangential equations of 
two curves, the solution of these equations regarded as a pair of 
simultaneous equations determines the common tangents to the 
two curves. Hence two curves of the mth and nth classes have 
mn real or imaginary common tangents. If a pair of roots are 
equal, two of the common tangents coincide, and the curves touch 
one another. 


Reciprocal Polars. 


57. If F(E, n)=0 be the tangential equation of a curve, the 
Cartesian equation of its reciprocal polar is F («/k*, y/k*)=0. 


Let the tangent at any point of a curve cut the axes in A 
and B; draw OY perpendicular to AB, and produce it to Q so 
that OY.OQ=k*. Then the locus of Y is the pedal, and the 
locus of Q (which is the inverse of the pedal) is the reciprocal 
polar of the curve with respect to the origin O. 

Now, if YOA = 6, 

OA cos 0=OY =k?/0Q, 
whence if (x, y) be the coordinates of Q, 
c= AE, y= k?n, 
and the equation of the locus of Q is F («/k*, y/k*) =0. 


If therefore we prove any theorem with respect to a curve of 
given degree, the corresponding property of a curve of the same 
class can be obtained by reciprocation. 


58. Before proceeding further, we shall state two well known 
geometrical propositions. 
B C. 3 
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I. Let OY be the perpendicular on to the tangent at any p 
P of a curve, and let OZ be the perpendicular from O on to 
tangent at Y to the locus of Y ; then the angle OPY =OYZ; ¢ 
OP .OZ = OY». z 


II. Let OP be produced to Q so that OP . OQ =F, where] 
a constant. Let the tangent at Q to the locus of Q meet the tan 
at P in T. Then the angle TPQ=TQP. 
The locus of Y is the first positive pedal, and the locus of & 
the inverse of the original curve. Also the reciprocal polar is 
inverse of the pedal. We can now prove that :— 


59. A node corresponds to a double tangent on the recipre 
polar, and vice versd. 
Let VY, VY" be the tangents at a node N; from the ori 
O draw OY, OY’ perpendicular to NY, NY’, and produce th 
to Q, Q so that 


From (11) it follows that a circle can be described throu 

QYY’Q; also a circle can be described through OYNY’; whe 

Q'QY = YY'0=ONY, 

accordingly a circle can be described through VZYQ, and theref 
the angle NZQ is a right angle. Whence 

0Z.0N=O0Y.0Q=k and TYQ = TQY = ONY, 

and therefore TYF is the tangent at Y to the pedal, and TQ is | 

tangent at Q to the reciprocal polar. > 

Similarly TQ is the tangent at Q’, and therefore QQ’ touc 


the reciprocal polar at Q and Q’. Also since OZ. ON = k?, QQ 
the polar of N. 
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Since a conjugate point is a real point, its polar is a real line; 
but since the tangents at a conjugate point are imaginary, the 
double tangent corresponding to a conjugate point touches the 
reciprocal curve at two wmaginary points. 


60. A cusp corresponds to a stationary tangent on the recipro- 
cal polar, and vice versd. 


Let S be any point on the cuspidal tangent near the cusp N. 
Let SN,, SN, be the tangents from S to the two branches which 
touch at the cusp; and let Q, Qı, Q be the three points on the 
reciprocal polar which correspond to the tangents SN, SN,, SN). 
Since the three tangents intersect at a point S, the three points 
Q, Q, Q: lie on a straight line which is the polar of S; accordingly 
when S moves up to coincidence with N, the straight line QQ,Q, 
has a contact of the second order, and is therefore a stationary 
tangent to the reciprocal polar. 


The Line at Infinity. 


61. When the equation of a curve is given in Cartesian 
coordinates, the absolute term can always be got rid of by 
transferring the origin to a point on the curve; but in tangential 
equations it is impossible by any change of the origin or the axes 
to get rid of the absolute term, if it exists, or to introduce one if 
it does not exist. If in (6) v=0, the equation is satisfied by 
&=0, 7» =0, which are the coordinates of the line at infinity; 
in which case this line is a tangent to the curve. This will 
happen whenever the curve is the reciprocal polar of another 
curve with respect to a point on the latter.’ For example, the 
reciprocal polar of a conic with regard to any point not on the 
curve is a central conic; but if the point lie on the conic the 
reciprocal polar is a parabola, which touches the line at infinity. 
When the linear term as well as the absolute term is absent, the 
line at infinity is a stationary or a double tangent according as 
the quadratic term is or is not a perfect square. In the former 
case, the curve is the reciprocal polar of some other curve with 
respect to a cusp, and in the latter with respect to a node. 
Moreover the points of contact will be real, imaginary, or 
Coincident, according as the double point is a node, a conjugate 
point ora cusp. And generally, if v is the term of lowest degree 


3—2 
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in the tangential equation, the line at infinity is a multip 
tangent of order k, and the curve is the reci procal polar of anoth 
curve with respect to a multiple point of the same order. 


~ 


Multiple Tangents. 


62. We shall now employ equation (4) of § 53 to find til 
multiple tangents to a curve. This equation determines tl 
vectorial angle of the points in which the straight line 


where m = tan 6. 


(i) If three of the roots of (13) are equal, (12) has a conta 
of the second order with the curve. The conditions for this a 
that the discriminants A, A’ of F(m) and F’(m) should vanis 
This leads to two equations of the form A (&, ņn)= 0, A’ (E, )= 
which are the tangential equations of the original curve and of 
second one, such that every line which has a contact of the secor 
order with the original curve is a tangent to the latter curve. 


(ii) If two pairs of roots of (13) are equal, (12) has a conta 
of the first order with the curve at two distinct points. 


(iii) If four roots are equal, (12) has a contact of the thit 
order with the curve. 


The preceding method does something more than determi 
the multiple tangents to curves. In the case of a cubic the t 
nodal tangents, as well as the stationary tangents, have a conta 
of the second order with the cubic. Hence if the origin is not 
node, this method will determine the nodal as well as the stationa 
tangents. So also in the case of a quartic, every ordinary tange 
drawn from a double point to the curve, and also every li 
joining a pair of double points, has a contact of the first order wil 
the curve at two distinct points; hence this method will not on 
determine the double tangents, but also the tangents drawn fro 
each double point to the curve, together with the lines joint 
each pair of double points. 


The conditions for the different equalities which can exi 
between the roots of cubic and quartic equations are given 
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§ 7, whence the necessary equations for determining the multiple 
tangents to these curves are obtained by substituting in these 
equations the values of the coefficients of powers of # and y in (4). 
For curves of any given degree, the necessary equations can be 
obtained from the equalities which must exist between the roots 
of the corresponding equations in one variable. Thus we may find 
the conditions that a sextic curve may have (1) a triple tangent, 
(ii) a double tangent touching the curve at two points of inflexion, 
(iii) a double tangent touching the curve at a point of undulation 
and having a contact of the first order at the other point. 


63. We shall illustrate this method by finding the double 
tangents to the symmetrical quartic curve 


Ag+ 2Bary? + Cy + aa? + by? = 0..........6. (14). 


This curve has a node at the origin, and if we transform to 
polar coordinates, it will be found that for every assigned value of 
Ô there are two equal values of r, one of which is positive and the 
other negative. Hence the quartic is uninodal, and it will be 
shown in Chapter VIII. that its class is ten and the number of 
double tangents is sixteen. 


If «=e is a double tangent, it follows that if e be substituted 
for x in (14) the two values of y? must be equal. This gives the 
equation 


(b + ibe P= 4Ce? (AE + @).i....cccceeess (15), 


which shows that there are four double tangents parallel to y. In 
the same way it can be shown that there are four double tangents 
parallel to x We have thus accounted for eight double tangents. 
To find the remainder, we write down the equation for m which is 


mt (C+ by?) + 2m*bEn + m? (2B + bE? + an?) + 2maën + A + ak = 0 


bails a, (16), 

whence, by (16) of § 7, the equations of condition are 
an? (C + by?) = PEN (A + a8) Lat) 
ADE? +a (C + bn?) En = 3bEn (C + bn?) (2B + DE? + an?) i 


Dividing out by the extraneous factor £n, the first equation is 
the tangential equation of a central conic, whilst the second 
represents a curve of the fourth class. These two curves have 
eight common tangents, which are the remaining double tangents 
to the quartic. 
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We must now consider the meaning of the extraneous facte 
En. Its existence shows that the equations of condition a 
satisfied by &=0, ņ arbitrary; or 7 =0, & arbitrary. We mu 
therefore go back to (16) and put »=0, and determine th 
conditions that the resulting equation in m should have 
pairs of equal roots. This will be found to lead to equation (15 
which gives the four double tangents parallel to y. In the sam 
way if we put €=0 in (16), we shall obtain the four doubl 
tangents parallel to æ. Equations (16) and (17) according! 
completely determine the sixteen double tangents. 


on 


Pedal Curves. Inversion. 


64. The locus of the foot of the perpendicular from any origi 
O on to the tangent at any point of a curve is called the firs 
positive pedal of the curve with respect to the origin. 


The pedal of the first pedal with respect to the same origin i 
called the second positive pedal of the original curve, and so on. 


The curve, of which the original curve is the first positivi 
pedal, is called the first negative pedal of the original curve, ant 
SO OD. 


Since the reciprocal polar of a curve is the inverse of its firsi 
positive pedal, it follows that the inverse of the original curve is 
the reciprocal polar of its first negative pedal. 


The polar equation of the pedal of a curve gives a relation 0 
the form 


where p is the perpendicular from the origin on to the tangent te 
the original curve, and y is the angle which p makes with a fixed 
straight line. This equation has been called by Dr Ferrers the 
tangential polar equation of the original curve. 


The tangential polar equation is useful in finding the envelope 
of a line; for if any relation of the form (18) can be recognized as 
the pedal of some known curve, the envelope of the line is the 
curve in question. 


The inverse of a curve, with respect to any origin O, is founc 
by transferring the Cartesian equation to O, and then writing 
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alr, kyr for æ and y; hence un becomes k*u,/r", and the 
equation of the inverse is 
BP Seer a... eu, + ru, = 0...... (19). 

The degree of the inverse of a curve of the nth degree is in 
general 2n; but if the origin be a multiple point of order k, the 
degree of the inverse will be 2n —k. The degree will be still 
further reduced if tn, Uun_, &c. contain some power of r as a factor. 

Since the degree of the reciprocal polar is equal to the class of 
the curve, the degree of the pedal can be found by inversion. 


65. To find the Cartesian equation of the pedal of a curve. 


Let $ (E, 7) = 0 be the tangential equation of a curve; let any 
tangent cut the axes of x and y in A and B; also let (a, y) be the 
coordinates of Y, the foot of the perpendicular from O on to the 
tangent AB. Then if 


AOY =8, 
OY =0A cos = OB sin 8. 
whence 
B an 
CE Bag? O 
and 
xv 
ar TORTY 


Hence the Cartesian equation of the pedal is 


S ES ee 
bate att 0. 
66. To find the tungential equation of the first negative pedal. 


If F(z, y)=0 be the Cartesian equation of the curve, it 
follows from the preceding formulae, that the required tangential 
equation is 

oe aot = 0. 
lee Fee 

By means of the preceding results, it may be shown that the 
Cartesian equation of the first positive pedal of the curve 
(zja} + (y/by" = 1 
is 

(a8 + yf? = (ax) T by" 
and that the tangential equation of its first negative pedal is 


(E+ 47)" = (Ea) + (n/b)”. 
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On the Curves 1” =a" cos nô. 


67. We have investigated several theorems concerning tl 
important class of curves included in the equation 


(x/a)” + (y/by"=1; 
we shall now consider the equation 
1” = a” cos nô, 
which includes many important and well known curves. 


By the ordinary formula 


tan ġ = rdjdr = — cot nð, 
whence 


p=}r +nð. 
Accordingly if (p, x) be the coordinates of Y, 
xy=0+¢ġ-—}r=(n+1)0, 


p=rsind =r cos n0........ (20), 
whence 


pth = a"+1 cos ny/(n+1) ...... 2 (Zi) 


Equation (21) is the pedal of the curve; from which it follow 
that every pedal is a curve of the same species, and that each suc 
cessive pedal is obtained from the preceding one by changing 1 
into n/(n +1). The Par polar is the curve 


n 


PH = 79H eos mian 1) m (22), 
and is obtained by changing n into — n/(n + 1). 
From (20) we obtain 
C E (23) 
which is the p and + equation of the curve. The radius of curva- 
ture is 
E dr . a” 
pP dp = (n + 1) m~ eoaeacoeo. eee A 


Orthoptic Loci. 


68. The orthoptic locus of a curve is the locus of the point of 
intersection of two tangents which cut one another at right 
angles. If the two tangents are inclined at a constant angle, the 
locus is called the isoptic locus. 
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If Zp v,=0 be the tangential equation of a curve of the mth 
class, we have shown, in § 54, that the equation 


Pree yyy = 0.............4.- ‘so se) 


determines the angles which the m tangents, which can be drawn 
to the curve from the point (w, y), make with the axis of æ. Hence 
if we write &/n = — tan = —z, equation (25) may be written in 
he form 


where f is of degree m. 


If two of the tangents are at right angles, two of the roots 
4,, 2, of (26) must be connected together by the equation z,2,.=—1. 
The condition for this is that the eliminant of f(z)=0 and 
f(— 2") =0 should vanish, which gives a relation between x and 
y, which is the orthoptic locus. 


When f(z) is a quartic, cubic or quadric function, the values 
of the eliminants are given in § 8; hence the orthoptie locus of 
any curve of the fourth or any lower class can be determined. 


For a curve of the mth class, the eliminant is of degree m — 1 
in the coefficients, and the coefficients themselves are in general 
of degree m in v and y. Hence the degree of the orthoptic locus 
of a curve of the mth class cannot be greater than m (m — 1). 


We have shown in § 61 that if the curve touch the line at 
infinity, the absolute term will not appear in the tangential 
equation. In this case the coefficients in the eliminant are of 
degree (m — 1), and the orthoptic locus of degree (m— 1}. Thus 
the orthoptic locus of a central conic is a circle, whilst that of a 
parabola is a straight line. 


If the linear as well as the absolute term is absent, the line at 
infinity is a double or a stationary tangent. In this case, the 
coefficients are of degree m — 2, and the orthoptic locus is of 
degree (m — 2) (m — 1). And generally if the line at infinity is a 
multiple tangent of order k, the degree of the orthoptic locus of a 
curve of the mth class is (m — k) (m — 1). 


The Cartesian equation of the evolute of a parabola is ay? = 2°%, 
and its tangential equation is 4aé*=27n% Hence the line at 
infinity is a stationary tangent; and it is shown in books on Conics 
that the orthoptic locus is a parabola. 


42 TANGENTIAL COORDINATES. 


The tangential equation of the evolute of an ellipse is 
aJe 4 b?/7? = (a? = by, 

and therefore the evolute is a curve of the fourth class, and t 

line at infinity is a double tangent which touches the curve 

two imaginary points. Hence the orthoptic locus is a sextic cur 

whose equation can be shown to be 


(a? + b?) (x? + y?) (ay? d bia = (a? bi b5)? (ay? = bE 


The Circular Points at Infinity. 


69. It is proved in treatises on Trilinear Coordinates! th 
the equation of every circle can be expressed in the form 


S+(la+ mB + ny) l =0, 


where S is any given circle, and J is the line at infinity. 
constants (l, m, n) determine the position of the circle and - 
radius ; whilst the form of this equation shows that all circles pa 
through the points of intersection of a given circle with the line | 
infinity. These two points, which are imaginary, are called tl 
circular points at infinity and are usually denoted by the letters 
and J. 


If S=0 be the equation of the circle circumscribing tl 
triangle of reference, the circular points are the intersections 
S=0,/=0; that is of 

Bysin A + yasin B+ a8 sin C= 0, 
asin A + sin B + ysin C =0. 

Solving these equations, we obtain 
a = — yB, B= — yer |. eee (27), 
which are the trilinear coordinates of the circular points : 
infinity. 
70. To find the Cartesian equations of the lines joining a 
point with the circular points at infinity. 


Let y = mz be the equation of any line joining the origin wit 
one of the circular points. The points of intersection of this In 
with the circle 2° + y? = a? are given by the equation 

mM +1 = 0/4 .....o8 mee (28). 


! Ferrers’ Trilinear Coordinates, p. 87. 
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Equation (28) shows that if m were real, the straight line 
ould intersect the circle in two real points at a finite distance 
om the origin ; but if m= +4, the left-hand side of (28) vanishes, 

vhich shows that æ must be infinite. Hence the two imaginary 
traight lines 


| 


ætıy=0 


ntersect the circle in two imaginary points at infinity, which are 
he circular points in question. Both lines are included in the 
squation æ? +y =0. 

Similarly if (a, 8) be the Cartesian coordinates of any other 
joint, the equations of the lines joining (a, @) with the circular 
Joints are 

x-atie(y—P)=), 
0th of which are included in the equation (æ — a)? + (y — 8)? =0. 


71. There is another method of tangential coordinates which 
s founded on the trilinear system. 


Let Aa + wB+vy=0 


ge any straight line; then the condition that this line should 
ouch the curve F (a, 8, y)=0 involves a relation between (A, p, v) 
f the form ¢ (A, u, v)=0, which is the tangential equation of the 
rve. All the results in this system may be obtained by the 
preceding methods by writing 
aly=a, Bly=y, —A/v=E, -up =n. 
The tangential equation of the conic 
la? + mG? + ny? + U By + 2m'ya + 2n'aB =0 
S 
mn — UAA + (nl — m”) p? + (lm — 0?) r? 
+ 2(m'n’ — ll’) py +2 (n7 — mm’) vr + 2 (Vm — nn’) rp = 0. 
This result may be obtained by eliminating y between the 
equation of the conic and the line Aa + u8 +vy=0, and ex- 
pressing the condition that the resulting quadratic in a/@ should 
have equal roots. Moreover if a, 8, y and X, p, v be interchanged, 


the first equation will represent the tangential equation of the 
conic whose trilinear equation is the second one. 


The condition that the line (A, », v) should touch the curve 
F (a, 8, y)=0 at the point (E, n, &) is sometimes useful. Since 
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(a, 8, y) and (E, n, £) satisfy the equations àa + u8 + vy=0 a 
aa +b8+cy = 2A, it follows that 


A(a—£E)+ p(B -— n) + (y— §)= 0, 
a(a — )+b (B — n) + c (y-—§)=0, 


whence 
aE BP ae 


pe— ob wa—NC ND- p 


accordingly by (11) of § 22 the condition is 
dF dF dF 
(uc — vb) dé + (va — Ac) mt (Ab — pa) de = 0. 


72. The foregoing system of tangential coordinates may 
exhibited in a geometrical form. Let the line (A, m, v) cut t 
sides BC, CA, AB of the triangle of reference in D, & and F; ai 
let p, q, r be the lengths of the perpendiculars from A, B, and 
on to it; also let any two of these perpendiculars, say p and g, 
considered to have contrary signs when the line cuts AB at 
point lying between A and B, and in other cases to have the sar 
sign. ‘Then if F lies between A and B, 


q BF 


»# Ar 
Putting y=0 in the equation of DEF, we obtain 


— = ee T e e 


whence — = Oo = (29), 


which shows that A, u, v are proportional to the products of tl 
lengths of each perpendicular into the lengths of the opposi 
sides. The equation of DEF may now be written 


paa + gbB + rey =0, 
which shows that the coordinates of the line at infinity < 
P =q =r, or A/a = p/b = vje. 
713. To find the tangential equation of a circle. 
Let 
p* = A? + pw? +1? ~ Quy cos A — 2vr cos B — 2rp cos O, 
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then it is shown in works on Trilinear Coordinates! that if oa be 
the perpendicular from any point (f, g, h) on to the line (A, p, v) 


Sp =Af + pg + vh., (30). 


If the envelope is a circle, œ is constant, whence (30) is the 
tangential equation of a circle of radius œ and centre (f, g, h). 


When the centre of the circle is at A, f=2A/a, g=h=0, 
@ =p; whence (30) becomes ppa = 2AX, which by (29) is the same 
thing as 


pa? + g+ 1°c? — 2qrbc cos A — 2rpca cos B — 2pqab cos C = 4A? 


and gives an identical relation between p, q, and r. Equation (81) 
consequently shows that the three coordinates of any line satisfy 
a given relation which is independent of the position of the line 
—a result which might be anticipated from the fact that two 
coordinates are sufficient to determine a straight line. 


74. The trilinear coordinates (a, 8, y) of a point satisfy the 
identical relation aa + b8 + cy=2A; but there are certain excep- 
tional points which satisfy the equation aa + 68 + cy = 0, which is 
the line at infinity. In the same way it may be anticipated that 
there are certain exceptional lines which satisfy the equation 
obtained by putting A =Q in (31). To interpret this result put 
@ = 0 in (30); in which case, since 2, u, v and f, g, h are finite, 
we must have p=0. The latter equation apparently represents a 
circle of infinite radius; but as a matter of fact it represents the 
circular points at infinity. For when A= 0, (31) may be written 
in the form 


(A cos B+ p cos A — v? + (Asin B — p sin A) = 0. 


Resolving the left-hand side into factors, the equation is 
equivalent to the two linear equations 


which represent the two points 
a ea B = ryert4 
which are the circular points at infinity. 


1 Ferrers’ Trilinear Coordinates, p. 20. 
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Upon this result Prof. Cayley has founded his theory of » 
Absolute, which has been developed by Prof. Klein and othe 
but the subject is beyond the scope of an elementary work’. 


= 


Foci. 
75. We shall now explain how the circular points are el 


ployed to determine the foci of curves, and shall begin by provi 
that :— 


The lines joining the focus of a cone with either of the circul 
points at infinity touch the conic. 


Let (a, 8) be the coordinates of the focus of the ellipse 
la? + yal. 


The equation of the line joining (a, 8) to one of the circular poin 


z æ — a+ ily > p)= 0e (32). 
Let ; 
l 
+ age "™ qe Geeeseeoecavrcaesae (33), 


then if (32) is a tangent to the ellipse, £ and 7 must be connecte 
by the equation 
are dL b?n? =|. 


Substituting from (33), we obtain 
a +p = +(e -b 
If a >b, the real values of a and 8 are given by 
a= t (Eb, B= 0e (34), 
whilst the imaginary ones are given by 
a=0, B=+1(a?— bÈ. 


Equations (34) are the well known equations for determining 
the real foci of the conic. 


When the ellipse degenerates into a circle, a =b, and the twe 
real foci coincide with the centre, which is a double focus. 


' Cayley, “A sixth Memoir on Quantics,” Math. Papers, Vol. 11. p. 561. Klei 


Math. Annalen, Vol. xxxvu.; Lectures on Nicht-Euclidische Geometrie, Vol. 
p. 61. 
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The equation (« — a} + (y — 8Y =0 is sometimes regarded as 
the equation of the point (a, 8), since it is the limiting form of the 
equation of an indefinitely small circle which coincides with this 
point; but since in the Cartesian system two equations are 
required to determine a point, the preferable mode of interpre- 
tation is to regard the equation as representing two imaginary 
straight lines through the point (a, 8). If, however, we adopt the 
former mode of interpretation, a focus may be defined as an 
indefinitely small circle which has a double contact with the conic. 


_ 76. The foregoing considerations led Pliicker' to adopt a 
generalized conception of the foci of curves of a higher degree 
than the second, which he defined as the points of intersection 
of the tangents drawn to a curve from the circular points at 
infinity. Since m tangents can in general be drawn to a curve 
of the mth class, 2m tangents can in general be drawn from 
the two circular points to the curve. All these tangents are 
Imaginary, and they will intersect in m? points; but only m of 
these points will be real, for if one of the tangents drawn from 
the circular point Z be of the form A +cB=0, one of the tangents 
drawn from J will be of the form A — B =0, whilst all the others 
will be of the form C—.D=0. The first tangent from J will 
intersect the tangent from J at the real point A =0, B=0; but 
none of the other tangents from J can intersect the tangent from 
Tin a real point unless C/A = D/B, in which case the two tangents 
A—iB=0 and C—:D=0 become identical. Hence the real foci 
of the curve are the m real points of intersection of the tangents 
drawn from the circular points at infinity to the curve, and their 
number cannot exceed the class of the curve; but if the curve 
passes through or has singularities at the circular points, the 
number of foci must be determined by a special investigation. 


77. If the line at infinity is a multiple tangent of order g, 
@ curve of the mth class cannot have more than m — g real focit. 
Let the tangential equation of the curve be 
Ws Wig + oo 2 Ug = Oo. cersecereseseccoess (35), 
the form of which shows that the line at infinity is a multiple 


tangent of order g. If (a, 8) be a focus, it follows from § 75 that 


1 Crelle, Vol. x. p. 84; Cayley, “On Polyzomal Curves,” Trans. Roy. Soc. 
Edinburgh, Vol. xxv. pp. 1—110; Collected Papers, Vol. vi. p. 515. 
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their values are determined by substituting (a+¢8)~ and e(a+¢8) 
for £ and n in (35). Hence £ and y will respectively be of t 
forms pe’, wpe®, where 4° + 8 =p™, tan 0=— Ba. Substituti 
in (35) and putting z for pe'?, we obtain = 


d Tuma + zs ll ag r + Cre Wg = 0 eeoeeeeesreeee (36 ), 
where wm is what um becomes when € = 1, n=. 


Equation (36) determines m — g values of z, all of which ¢ 
complex; and if 4 +B be any one of these values, the corr 
sponding values of a and £ are given by 


1=(A +B) (a+ 28), 


1 ae 
BE T = Amie 


which determine the m — g values of a and £. 


whence 


78. If an anautotomic curve of the mth class passes through t 
circular points at infinity, the curve has m — 2 real single foci a 
one real double one, which is the point of intersection of the tanger 
at the circular points. 


When a curve of the nth degree and mth class passes throug 
one of the circular points at infinity, its equation must be of tl 


form 
Stina + Luin, = 0... 000 Ti cre (37), 


where u» is any ternary quantic in a, 8, y. The form of @ 
shows that if a curve passes through one circular point it mu 
pass through the other; hence by § 25 the number of p | 
which can be drawn from a circular point, exclusive of the tange 
at the point itself, is m — 2, which is the number of real sing 
foci. The two tangents at the circular points are the limitit 
positions of the four tangents which can be drawn from tr 
imaginary points J,, J, in the neighbourhood of each circu 
point and which respectively touch the curve at four poini 
two of which are near J and the remaining two near J. TI 
two tangents from J, intersect the two tangents from J, i 
four points, two of which are real and two imaginary; bub 
when the points /,, J; move up to coincidence with J and . 

the two real points of intersection coincide and form a double 


focus situated at the point of intersection of the tangents at tl 
circular points. 
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79. If the circular points are nodes, a binodal curve has m —4 
real single foci and two real double ones, which are the two real 
points of intersection of the nodal tangents at the circular points. 


When the circular points are nodes, the number of tangents 
which can be drawn from Z exclusive of the two nodal tangents is 
m—4, which is the number of real single foci. Now any one 
of the nodal tangents at Z intersects the conjugate nodal tangent 
at J in a real point, whilst its point of intersection with the other 
nodal tangent at J will be imaginary. By § 78, the real point of 
intersection of a pair of conjugate nodal tangents is a double 
focus; and since there are two pairs of conjugate nodal tangents, 
there will be two real double foci. 


80. If the circular points are cusps, a bicuspidal curve has 
m—3 real single foci and one real triple focus, which is the point 
of intersection of the cuspidal tangents at the circular points. 


When the circular points are cusps, the number of tangents 
Which can be drawn from J, exclusive of the cuspidal tangent, 
is m—3, which is the number of real single foci. Let J,, J, be 
two imaginary points in the neighbourhood of J and J. Then 
from J, three tangents can be drawn to the curve which touch it 
at three points near Z; and in like manner three similar tangents 
can be drawn from J,. These two systems of three tangents will 
intersect one another in nine points; but since the tangents are 
all imaginary, each tangent of the J, system will intersect the 
three tangents of the J, system in three points, only one of which 
can be real ; and thus there will be altogether three real and six 
Imaginary points of intersection. But when the points 4, J, 
respectively move up to coincidence with Z and J, the nine points 
will coincide with the point of intersection of the cuspidal 
tangents at J and J. Hence this point will be a real triple 
| 
focus. 


It can be shown in the same manner that if the circular points 
are points of inflexion, the curve has the same number of single 
foci, and one triple focus which is the point of intersection of the 
Stationary tangents at the circular points. 


When the line at infinity is a multiple tangent of order g, and 
the curve in addition possesses any of the above-mentioned singu- 
larities, the number of foci is obtained by changing m into m — g 
in the preceding results. 

B. C. 4 
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In Ķ 78, 79 and 80, the enunciation has been restricted 
anautotomic, binodal and bicuspidal curves respectively. TT 
reason of this is that every line joining the circular points 
a double point has a contact of the first order with the cur 
at the double point, and may therefore be regarded as satisfy1 
Pliicker’s definition of a focus, in which no distinction is dra 
between contact and tangency. If therefore a curve has 6 nod 
and « cusps exclusive of the circular points, the class m of the cur 
must be replaced by m+ 26+ 3« in the formulae giving tl 
number of real single foci. For example, the limaçon is a quart 
curve of the fourth class which has a pair of cusps at the circul 
points and a node at the origin; hence the curve has one trip 
focus and three single foci. One of the single foci is an isolate 
point, whilst the node is a double focus formed by the union of t 
two other single foci. Now it will be shown hereafter that tl 
limaçon is a special form of the oval of Descartes, which is 
quartic of the sixth class having a pair of cusps at the circul 
points and no other double point. The latter curve has one trig 
focus and three collinear single foci; and when the curve becom 
a limaçon two of the single foci unite at the node, so that tl 
limaçon has one triple, one double and one single focus. Similar 
by considering the degeneration of the oval of Descartes into 
cardioid, it can be shown that the latter curve has one ordinai 
triple focus, and a triple focus at the cusp formed by the union i 
the three ordinary single foci of the oval of Descartes. 


81. Ifa curve be inverted from any point O, the inverse pot 
of the foci of the original curve are the foci of the inverse curve. 


If S be any circle which has a double contact with a curve ; 
the points P, Q, the inverse of S will be another circle which h 
a double contact with the inverse curve at the inverse points J 
Q@. Now we have shown in § 75 that a focus may be regarded | 
the centre of an indefinitely small circle which has a doub 
contact with the curve; hence the inverse of a focus is 
indefinitely small circle which has a double contact with 
inverse curve, and is therefore itself a focus. 


co 


In considering the properties of the foci of curves, it has been 
usual to restrict the discussion to real foci; but when we consid 
the projective properties of curves, it will be shown that it 
possible to project the circular points into a pair of real points, | 
which case it will usually happen that some of the imaginary fo 
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roject into real points. Hence the existence of imaginary foci 
ust not be overlooked, otherwise we should lose sight of various 
roperties connected with the points of intersection of tangents 
lrawn to a curve from a pair of real nodes or cusps. 


82. We shall conclude this chapter with two miscellaneous 
wropositions. 


To find the equation of the tangents drawn from the point (h, k) 
0 Q curve. 


Let 
eae 0 eee (38) 


je any tangent; and 


(i) O (39) 


he tangential equation of the curve. Since (38) passes through 
h, k), 
hE + kn =1, 


E (ka — hy) = ky, 
n (kæ — hy) =x —h, 


vhence by (38), 


vhence the equation of the tangents 1s 


k- y =h 
Iaa -D 


83. A straight line is drawn through a fixed point O; to find 
he locus of the points of intersection of the tangents at the points 
vhere it cuts the curve. 


Let U=0 be the Cartesian equation of the curve referred to 
J as origin; and let V=0 be the first polar of any point (A, k). 
[ransform to polar coordinates and eliminate r ; then the resulting 
quation will determine tan 6, where @ is the vectorial angle 
f the point of contact of any tangent drawn from (h, k). The 
legree of this equation is necessarily the same as the class of the 
Urve. 


Let (h, k) be the point of intersection of the pair of tangents 
t any two points P and Q where a straight line through O cuts 
he curve; then since tan 0 = tan (nz + 0) two of the roots of the 
quation for tan 0 must be equal; whence the discriminant of this 


quation equated to zero is the required locus. 
4—2 


CHAPTER. TY: 


PLUCKER’S EQUATIONS. 


84. WE have already seen that a cubic curve cannot h 
more than one double point or a quartic more than three. 
shall now give a series of propositions, due to Pliicker, by me 
of which the number and species of the different singularities © 
curve of given degree can be determined. 


A curve of the nth degree cannot have more than $(n—1)(n- 
double points. 


let there be s double points. We have proved in § 16 tl 
when a curve passes through a double point on another c 
intersects the latter in two coincident points; hence every dou 
point counts for two amongst the points of intersection of i 
curves. We have also proved in § 35 that the first polar pa 
through every double point; hence if the first polar inters 

curve in r ordinary points 
n(n—1)= 25 +71............. i ol 


But a curve of the (n—1)th degree can be made to 
4(n — 1)(n +2) conditions; if therefore the curve has its maxim 
number of double points 


$(n-1)(n+2)=849......... eee (27 
whence by subtraction 


s=4(n—1) (n=2) oeren... (3) 


Equation (3) gives the maximum number of double point: 
a curve of the nth degree; but we shall hereafter show that if 
curve has other singularities, the value of s may be less than - 
maximum. When n=3,s=1; and when n= 4, s= 3, as we H 
proved in Chapter II. 
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85. Ifa curve has 6 nodes, the number of its points of inflexion 
cannot exceed 3n (n — 2) — 66. 


Since any curve which passes through a node on a curve 
intersects the latter in two coincident points, it follows that if a 
curve touch one branch of the original curve at a node, the two 
curves will intersect one another in three coincident points. 
Similarly if another branch of the second curve touch the other 
branch of the original curve at the node, the other branch of the 
second curve will intersect the original curve in three coincident 
points. Hence if two curves have a common node and two common 
nodal tangents, they will intersect in six coincident points. 


We have shown in § 46 that every node on a curve is a node 
on the Hessian, and that the two nodal tangents are common to 
the curve and its Hessian; hence at a node, the curve and its 
Hessian intersect in six coincident points. We have also shown 
in § 42 that a curve and its Hessian intersect in 3n (n — 2) points, 
and that the Hessian passes through every point of inflexion ; if 
therefore the curve has ô nodes, the curve and its Hessian cannot 
intersect in more than 3n (n — 2)—66 ordinary points, and conse- 
quently the number of points of inflexion cannot exceed this 
number. | 


86. If a curve has «x cusps, the number of points of inflexion 
cannot exceed 3n (n — 2?) — 8x. 


A cusp may be regarded as the limiting form of a node when 
the two nodal tangents coincide; hence if A be the cusp and the 
line 8=0 be the cuspidal tangent, it follows from § 41 that the 
equation of the curve must be of the form 


Bra"? + Wa" +... Un = O. 


By forming the Hessian, it can be shown that the highest 
power of a is the (3n — 9)th, and that its coefficient is 


— 2 (n — 1) Edu dy, 


from which it follows that a cusp is a triple point on the Hessian, 
two of the tangents at which coincide with the cuspidal tangent. 
But since every branch of a curve which passes through a double 
point on another curve intersects the latter in two coincident 
points, it follows that if a double and a triple point coincide the 
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two curves will intersect one another in six coincident poi 
Also if any branch of the one curve touches any branch of 1 
other curve, the two curves will intersect at a seventh point. E 
in the present case two of the branches at the triple point on t 
Hessian touch one another and also the two branches of the ct 
on the original curve; accordingly at a cusp the curve andi 
Hessian intersect one another in eight coincident points, ai 
therefore the number of ordinary points of intersection cam 
exceed 3n (n — 2) — 8x. 


By combining the last two theorems it follows that :— 


If a curve has & nodes and « cusps, the number of points 
inflerion is 3n (n — 2) — 65 — 8x. 


87. If acurve has ò nodes, the degree of the reciprocal pol: 
cannot exceed n(n — 1) — 28. 


We have shown in § 24 that the first polar of a curve 
respect to any point O intersects the curve in n(n— 1) poir 
which are the points of contact of the n(n — 1) tangents whi 
ean be drawn from O to the curve. Hence the class of a cur 
and therefore the degree of the reciprocal polar, cannot exce 
this number. We have also shown that the first polar pass 
through every double point; whence if the curve has 6 nodes tl 
fist polar intersects the curve in n(n —1)—28 ordinary poini 
Hence not more than n(x — 1)— 26 tangents can be drawn from 
to the curve, which is therefore the degree of the reciprocal pola 


88. If a curve has x cusps, the degree of the reciprocal pol 
cannot exceed n(n — 1) — 3x. 


We have shown in § 44 that the first polar touches the cur 
at a cusp, aud consequently at a cusp the curve and its first pol 
intersect at three coincident points. If therefore a curve has 
cuspa, the curve and its first polar cannot intersect at more th 


x(n = 1) — 3x ordinary points, which is therefore the degree of t 
reciprocal polar. 


By combining the last two theorems, it follows that :— 


If a curve has & nodes and « cusps, the degree of the reciproci 
polar and consequently the class of the curve is n(n -- 1) — 28 -3 


PLUCKER’S EQUATIONS. 56 


89. We are now in a position to establish Pliicker’s equations. 
We shall denote 


the degree of a curve by n, 
its class * » Mm, 
the number of its nodes a 0, 
f 3 cusps Ph 
>. 7 double tangents eo 


stationary tangents ,, 1, 


99 22 


the deficiency of the curve ou: 
By § 88 and 86, it follows that 


m =n (n — 1) — 26 3e ereen (4), 
t = 3n (n — 2) = 6Ò = BK Sane esasssscmne can (5). 


We have also shown that a node corresponds to a double 
tangent on the reciprocal polar, and a cusp to a stationary tangent 
or tangent at a point of inflexion; also the class of the reciprocal 
polar is equal to the degree of the original curve and vice versd. 
Whence reciprocating (4) and (5) we obtain 


E (mm 1) = Bt = Bt oo .eccsc ees seeeees (6), 

: Bo (m — 2) — Or — 8b aare (7), 
also by § 84 : 

D=h(n— 1) (1 — 2) -—8 — Ko cece cece ees (8). 


Equations (4) to (8) are Pliicker’s equations, but only four of 
them are independent; for if we eliminate è from (4) and (5) and 
T from (6) anid (7) the result in both cases is 


OM GIR E ss: @). 
* Dr Salmon denates the degree of a curve by m and its class by n; but since n 


is usually employed to denote the degree of a curve or of an algebraical expression 
the notation in the text is preferable. 


CHAPTER V. 


CUBIC CURVES. 


90. THE general equation of a cubic curve contains nii 
independent constants, that is one less than the number of tern 
in a ternary cubic; hence a cubic curve may be made to satist 
nine independent conditions. It also follows from § 24 the 
not more than six tangents can be drawn from any external poii 
to the cubic; nor more than four from a point on the curve; me 
more than three from a point of inflexion. Also since a straigh 
line cannot intersect a cubic in more than three points, a cuk 
cannot have more than one double point unless it breaks up int 
a conic and a straight line or into three straight lines. Moreove 
every tangent cuts the cubic at one other point; and since th 
asymptotes are tangents at infinity, every asymptote cuts th 
curve at one other point, which may be at a finite or infinit 
distance from the origin. Also by § 40 a cubic has thre 
asyinptotes, one of which must be real. 


x s ° . . . . . 
Cubie curves are divided into the following three species, viz.: 


(i) Anautotomic Cubics, which have no double point; (ii 
Nodal Cubics, in which the double point is a crunode or 
nenode ; (iii) Cuspidal Cubics, in which the double point is a cus] 
Since n= 3, Plticker’s numbers for the three species are found b 
successively putting in equations (4) to (8) of § 89, e= ò =i 
<=0,6=1; «=1, &=0, which lead to the following table: 


j ô K m T L D 
3 0 0 6 0 9 l 
3 l 0 4, 0 3 0 
8 0 l 3 0 0 
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91. In § 41 we have discussed several forms of the general 
quation of a curve of the nth degree in trilinear coordinates, 
nd we shall now consider these special forms when the curve is 
cubic. 


The general equation may be expressed in the form 
i WÈ + WUA? F UA + Ug =O... cc cccccccsccees (1), 


where un is a binary quantic in 8 and y, or in two other forms in 
which a, 8, y are interchanged. 


The equation of a cubic circumscribing the triangle of 
reference is 
au + Bv + yw + kaby = 0.......ccceceercnes (2), 


where u, v, w are the tangents at A, B and C, and are consequently 
linear functions of 8, y; y, a: a, B respectively. 


The equation of a cubic having a double point at A is 
Bg NR uc nous aaa « casiceseseaccen (3), 


also if the cubic pass through the points B and C, u; cannot 
contain §* and °; hence the equation of a cubic circumscribing 
the triangle of reference and having a double point at A is 


Beery (MB HISO eesse (4). 


The equation u,=0 is the equation of the tangents at the 
Buble point; hence the latter will be a node, a cusp or a 
‘conjugate point according as the roots of u, regarded as a 
quadratic in @/y, are real, equal or complex. The line y8 + vy = 90 
is the line drawn from A to the third point where BC cuts the 
cubic. 


If A is a point of inflexion, the tangent at A must meet the 
cubic in three. coincident points. Hence w = 0, and n must be 
a factor of u; whence the equation of a cubic having a point 
of inflexion at A is 

UO? F UNA Ht Uy = Oircccccccceecceeceeees (5). 


92. If three tangents be drawn to a cubic from a point of 
inflexion, their points of contact lie on a straight line. 


By (5) the polar conic of A 1s 
dF /da = u (2a + v) = 9, 
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and therefore consists of two straight lines, one of which w, ={ 
the tangent at the point of inflexion A, whilst the other 1 
2a +v; = 0 passes through the points of contact of the tange 
from A. The latter line is called the Harmonic Polar of i 
point of inflexion, and is a line of considerable importance im t 
theory of cubic curves. 


We shall now prove a more general theorem, of which t 
preceding proposition is a particular case. 


* 93. Ifa straight line intersect a cubic in three points D, E,- 
the three points D', E, F’ in which the tangents at D, E, F inters 
the cubic lie on a straight line. 

We shall first prove that every cubic can be expressed in t 
form i 
www + kw vw =O... nanneeen e. (6), 

where u, v, w and w, v’, w are linear functions of (a, 8, y) a 
therefore represent three straight lines. 


The general equation of a cubic which passes through t 
vertices of the triangle of reference is 


au, + atl, + By (mB + ny) = 0. 
Add and subtract lagy and the equation becomes 
a(au, + u, — (By) + By (la + mB + ny) = 0; 


the second term is the product of three straight lines, whilst ti 
first term is the product of a conic and a straight line. Now 
imay have any value we please; if therefore we determine J ; 
that the discriminant of the conic vanishes, the first term w 
also be the product of three straight lines. 


Equation (6) accordingly represents a cubic passing throus 
the nine points of intersection of (u, v, w) and (u, v’, i 


If w =v’, (6) becomes 
wow + wW =0.............. (7), 


which is the equation of a cubic which touches the straight lin 
“, vœ, w at the points where w’ intersects them; also the fol 
of (7) shows that the three points in which u, v, w intersect tl 
cubic lie on the line w =0. 


If D,E, F and D, E, F be the points in which the lines 
and w respectively intersect the cubic, the points D’, LH’, Fa 
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called the tangentials of D, E, F; and the line DE'F is called 
the satellite of DEF. 


Since the tangents at the points where the harmonic polar 
euts a cubic intersect at a point of inflexion, the tangent at a 
point of inflexion is the satellite of the corresponding harmonic 
polar. 


94. The three points in which a cubic intersects its usymptotes 
lie on a straight line. 


We have shown in § 90 that a cubic has three asymptotes ; 


hence putting «w = I, in (7), where J =0 is the line at infinity, the 
equation 

PELL a U (8) 
is the equation of a cubic of which u, v, w are the asymptotes. 
The form of this equation shows that the asymptotes intersect 
the cubic in three points which lie on the straight line w= 0. 


The straight line which passes through the points of inter- 
section of a cubic and its asymptotes is called the satellite of the 
line at infinity. 


95. The product of the perpendiculars from any point on a 
cubic on to the asymptotes, is proportional to the perpendicular 
from the same point on to the satellite of the line at infinity. 


It follows from (8) that the equation of a cubic referred to a 
triangle whose sides are the asymptotes is 
aby + Da + uB H+ vy) =O een (9), 


Where (A, u, v) is the satellite of the line at infinity. But if p 
be the perpendicular from any point of the cubic on to the 
satellite, p is proportional to Aa +48 +vy; also J is constant, 
whence (9) becomes 


aßy = kp. 


Points of Inflexion. 
96. If a cubic has three real points of inflexion, they le on a 
straight line. 
If in (6) we put w =v =w, the equation 
av + kU =O... .cccc cere ceeneeeenees (10) 
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represents a cubic having a contact of the second order with 
lines u, v, w at the points where the line w intersects th 
Hence the three points of inflexion le on a straight line. 


If the sides of the triangle of reference be the tangents 
three real points of inflexion, the equation of the cubie is 


aby + (la+ mB + ny) =O. cecceceeenees (11) 


In (10) one of the three lines u, v, w must be real, but two 
them may be imaginary. In fact the equation uv, + ku” = 0, wh 
e, is any ternary quadric whose discriminant vanishes, represent 
cubic one of whose real points of inflexion, and two others wh 
may be real or imaginary, lie on the straight line w =0. 
shall now prove that :— 


97. A cubic cannot have more than three real points 
inflerion. 


Let the points B and C be two real points of inflexion, thi 
the third real point of inflexion must lie on this line; hen 
the equation of the cubic must be 


(a + vy) (a + mB) (a + mB + ny) + la? = 0. 

Let A be a point on the cubic, then since the equation of tl 

curve cannot contain a°, /=—1 and the equation may be writter 
a’ (m +p) B+ (n+ v) y} +a {(mB + ny) (uB + vy) + pvBy} 

+ uvpy (mB + ny) =0, 


In this equation the coefficient of a? is the tangent at A, ai 
must be a real straight line. 


If possible let A bea real point of inflexion; then it follo 
from (5) that the coefficient of a? must be a factor of that of 
the condition for which is that 


(m+ a)n +1) (my + np + pv) = (n+ vY mu + (m + py? nv. 
Potting pr=m, vy=n, this equation may be reduced to 
(l+a2y+(l+y)=(14+«) (1+y), | 


which is a quadratic for determining the ratio (1 + #)/(1 +y); t 
mince its roots are complex, it is impossible to assign real valu 
to wand y such that the coefficient of a? shall be a factor of tk 
of a; hence A cannot be a real point of inflexion. x 
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The theorems of the last two articles show that the six 
imaginary points of inflexion of an anautotomic cubic form three 
conjugate pairs, and that a real straight line can be drawn 
through any conjugate pair and one of the real points of inflexion. 
It may be added that a pair of conjugate imaginary points are 
such that the equations of the lines joining them to any vertex 
(say A) of the triangle of reference are 8 + stky=0, so that both 
lines are included in the equation @ + k*y*=0. 


98. An acnodal cubic has three real points of inflexion, and a 
crunodal cubic has one real and two imaginary ones. 


We have shown from Pliicker’s equations that a nodal cubic 
cannot have more than three points of inflexion. Let A be the 
node, C the real point of inflexion, BC the tangent at C. Then 
the equation of the cubic is 


Be + (U8? + A2mMBy + ney") a =0...... cess. a2) 


Let B’ be another point of inflexion, and let B’C’ the tangent 
at B’ meet AC in C. Then if 8+ ky=0 and \a+pB+ry=0 be 
the equations of AB’ and B’C’, the equation of the cubic must be 


(B+ key) + (UB? + 2mBy + ny’) (Aa + up + vy) =0...(18). 


In order that (12) and (13) should represent the same curve 
we must have 
e+npv=0, 
3h? + nu + 2mv =0, 
3k + lv + 2mp =0. 


Eliminating u and v, we obtain 
k {(4m? — In) k? — 6mnk + 3n?} = 0. 


The solution k=0 shows that C is a real point of inflexion, 
whilst the quadratic factor gives the values of k for the lines 
joining A to the other two points of inflexion. The condition 
ihat these two lines should be real is that In >m’, and con- 
sequently the nodal tangents are imaginary or real according 
as the other two points of inflexion are real or imaginary. 


It frequently happens that when a cubic is drawn the number 
of real points of inflexion is apparently defective. Whenever 
this is the case, such singularities exist at infinity which can be 
found by the methods of § 47 to 51. 
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99. The node of a nodal cubic is the pole of the line joint 
its three points of inflexion. 


~ 


The equation of the cubic is 
apy = (la + mB + ny) = u* (say). 


The condition that the cubic should have a double poini 
obtained by eliminating (a, 8, y) between 


By =3lw, ya=3nw, aß = 8nvw’, 


from which we deduce 
la = mB = ny, 


and the discriminant equated to zero is 27lmn = 1, which is t 
condition for a double point. 


The polar line of any point (f, g, h) is 
a (gh — 3lu?) + B (hf — 3mu?) + y (fg — 3nu*) = 0, 
and if this coincides with the line (l, m, n) we must have 
If = mg = nh, 
which shows that (f, g, h) is the node. 


The preceding proof holds good when two of the points 
inflexion are imaginary, as can at once be seen by writing 8 +u 
B — thy, M and N for £, y, m+n and tk(m—n) respectively. 


Harmonic Properties. 


100. Before commencing to study the harmonic properties 
cubics, the following preliminary proposition will be useful. 


If a line through the vertex A of the triangle of reference 
harmonically divided in P, Q and R; and if the coordina 
of these points be denoted by the suffixes 1, 2, 3, then 

Qi  % 2a, 
N Bh h 
let AP cut the base BC in D; let BAD=0, BDA = ġ, then 
a = (AD -~ AP) sin ¢, 
y = AP sin 0, 
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4 = (ip) 


Yı AP sin @’ 
hence 
ai 4% 2a, 1 1 2 \sin $ 
pas + ——— SS = Ege Se a PS. Sa 
1 a Ys (AP "IR A ne 


=O, 

ince AP is harmonically divided in P, Q and R. 

If Q coincides with D, a,=0 and the theorem becomes 
a fy + CAGA = 0), 


rom which it follows that the four lines y, a — ky, a, a+ ky form 

harmonic pencil. Also if four straight lines form a harmonic 
encil, any one of them is called the harmonic conjugate of the 
ther three. 


101. Every line through a point of inflexion is divided 
harmonically by the curve and the harmonic polar. 

Let A be the point of inflexion; and let B and C be two of 
the points in which the harmonic polar cuts the cubic. Then in 
(5) we must put 


= mB+ny, n=0, w= By (up + vy), 
and the equation of the cubic becomes 


(mB + ney) a? + By (uP + vy) = 0e (14). 


Let 8=ky be any line through A which cuts the cubic in 
P, and P, and the harmonic polar BC in P,; substituting the 
value of 8 in (14) it becomes 
(mk +n) ary + key (kp + v) = 9, 
whence 
ajy T s| Ys =0, 


ao 
AP,* AP, AP,’ 


which shows that 


102. Every chord drawn through a point on a cubic is cut 
harmonically’ by the curve and the polar conic of that point. 


Let AP,P,P, be the chord cutting the cubic in A, P,, Ps and 
the polar conic of A in P,. Then the equation of the cubic 1s 


PU, Oy F Ug = Oaerereerveceeneeeeeres (15); 
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and the polar conic is 


Pau, + Ug =O ...seseeee se) 


Let B=/hy be the equation of AP,; and let wu, denote y 
u &e. becomes when 8 =k, y=1. Then (15) and (16) becom 


é / 
atu, + ayia + yus =0, 


and , F 
Zau, + Yi = 9, 
whence 
Yı H uy 
a, Uy 
— = j 
Ye 2u, 


from which it follows that 


Eoi ee 
AP,* ah Aw, 


103. Zf four tangents be drawn to a cubic from a point A 
the curve; and if any line through A intersect the cubic in P a 
Q, and a pair of opposite chords of contact in D and E; then 
line DE is harmonically divided in P and Q. 

Let two of the tangents from A and the corresponding che 
of contact be the triangle of reference; then the equation of 1 


enbic is 
a? (mB + ny) + By (Aa + uB + vy) =0.......0. (17). 


The polar conic of A is 
2a (mB + ny) + ABy = 0. 


Multiplying this by 42? and subtracting from (17) it follo 
that the equation of the chord of contact BC’ of the other t 
tangents from A is 

Na + uB + vy =Q... annn ce (18) 


l læt 8 = ky be the equation of any line through A; substituti 
m (17) we find 


a a kutr 
Substituting by for 8 in (18) we obtain 


os. -M 
a 2(ku+v)’ 
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Lara et 
Oy A As 


om which it can be proved as in § 100 that 
ae h 
DP DQ” DE’ 
104. If two straight lines be drawn through a point of 
flexion to meet a cubic in four points and their extremities be 


ined directly and transversely, the two points of intersection lie 
m the harmonic polar. 


Let A be the point of inflexion, and let AB and AC be the 
wo straight lines which meet the cubic in B, D and C, E 
spectively. Then the equation of the cubic is 
a (mB + ny) (Aa + pB + vy) + By (MB + Ny) =0...(20), 
nd the harmonic polar of A is 
Na HUB FE UY HO oo cs ccc cece cneseceees (21). 
Let BE, CD intersect in G and BC, DE in H. Putting 
= 0 and y = 0 in (20), the equations of BE and CD are 
`a + vy=0 and Aa + pwB=0............08 (22), 
hich show that the equation of DE is 


E ETE ccs eccsceceencnee (23). 


Equations (21) and (22) show that BE and CD intersect at 
he point Ae = — up = — vy, which by (21) lies on the harmonic 
olar; whilst (21) and (23) show that DE intersects the harmonic 
olar at the point where it cuts the line BC. 

If AB coincides with AC, the lines BC and DE are the 
angents at B and D, whence :—Tangents at the extremities of any 
hord drawn through a point of inflexion intersect on the harmonic 
olar. 


105. The tangents at any two points of inflexion intersect on 
he harmonic polar of the point of inflexion which lies on the line 
oming the other two. 


Let the equation of the cubic: be 
aBy + (la + mB + ny) =0, 
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then if D, E, F be the points in which (l, m, n) cuts BC, CA, . 
then D, E, F are points of inflexion, and BC, CA, AB are 
tangents at these points. The coordinates of Æ are PB: 
la+ny=0; whence the polar conic of E is 


B (ny — la) = 0. 
The second factor equated to zero is the harmonic polar of 
which obviously passes through B the point of intersection of 
tangents at D and F. 


106. The harmonic polars of three collinear points of inflex 
pass through a point. , 


By the last article the harmonic polars of the three poi 
D, E, and F are 


mB=ny, ny=la, la =m, 
which obviously meet in a point. 


107. If a cubic has a double point, each harmonic polar pa: 
through it. 


If A be a point of inflexion, the cubic is given by (5); < 
if B be a double point, the terms involving & and 6? must 
absent. Whence v =ny, u=% (pB +vy); and the harm 
polar of A is 22+ my = 0, which obviously passes through B. 


Since only one tangent can be drawn from a point of inflex 
to a nodal cubic, it follows that the harmonic polar is the 1 
joining the node and the point of contact. When the cubic 
cuspidal, the harmonic polar is the cuspidal tangent. 


108. If two tangents be drawn to a cubic from a point A 
the curve, the tangent at the third point where the chord of cor 
intersects the curve cuts the tangent at A at a point on the curve. 


Let B and C be the points of contact of the tangents from 
let AF be the tangent at A, and DE the tangent at the poin 
where the chord of contact cuts the curve. Then the equatior 
the cubic must be of the form 


By (la+ mB + ny) + a? (uB + vy) = 0.a 2 4: 


The form of (24) shows (i) that the line (l, m, n) is 
tangent DE at the third point D, where the chord of con 
cuts the cubic; (ii) that the line (u, v) is the tangent AE at 
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mi) that the cubic passes through the point of intersection E of 
l, m, n) and (p, v). . 


109. Zf a chord BDCF, drawn from a point B on a cubic, 
ut the cubic again in D and C, and the polar conic of B in F; 
ve tangents to the cubic at D and O, and the tangent to the polar 
onic at F, all pass through the same point. 


Equation (24) shows that (l, m, n) is the tangent at D to the 
ubic ; accordingly if it intersects AC (which is the tangent at C) 
n G, the equation of BG is la + ny=0. 


The equation of the polar conic of B is 
y (la + 2m8 + ny) + wo? = 0, 


hich shows that the line (1, 2m, n) is the tangent to the polar 
sonic at F. This line obviously intersects AC in G. 


pubic, the chord joining the two remaining points of intersection of } 
the cubic and the conic will pass through a fixed point on the cubic. 


Let A, B, C, D be the four fixed points on the cubic; let the 
equations of A D, CD be wB+vy=0 and `a + u8 =0; also let u, v 
e any linear functions of (a, 8, y) Then the equations of the 
ubic and the conic may be written | 


a (uB +vy)ut+y(Aa+ uB)v=0, 
a (up + vy) + ky (a+ w8)= 0, 
vhere & is a variable parameter. 


The first equation shows that the cubic passes through the 
oint of intersection O of the lines u and v; and dividing the first 
quation by the second, it follows that the two remaining points 
f intersection of the cubic and conic lie on the straight line 
= ku, which obviously passes through O. 


The Canonical Form. 


111. It is proved in treatises on Algebra* that every ternary 
ubic whose discriminant does not vanish may be reduced to the 
panonical form 

BHY + 23 + Clays =O neres (25), 


where (a, y, z) are linear functions of (a, 8, y). We may therefore 
egard (x, y, z) as the trilinear coordinates of a point referred to 


* Elliott’s Algebra of Quantics, p. 300. 
5—2 


110. Lf any conic be described through four fixed points ona , 
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a new triangle of reference, whose sides referred to the origi 
triangle are z= 0, y=0, z=0. It therefore follows that ey 
anautotomic cubic curve can be reduced to the above form. 
The points where (25) cuts the lne «=0 are determined 
the equation y+ 2°=0, or 
(y + z) (y + w2) (y + wz) =0, 
where w is one of the imaginary cube roots of unity; from wh 
it follows that if l be a variable parameter, all cubics included 
(25) cut the three sides of the triangle of reference in the si 
nine points, three of which are real and six imaginary. 
The equation of the tangent at the point w=0, y: 


£= -l is l 
= Yow + oy +2=0.......00se (26) 


Eliminating z between (25) and (26) we obtain (1 + 82°) a: 
which shows that if 1+ 8l is not zero, the line (26) touches 


When 1 +87 =0, the discriminant of the cubic vanishes, 
the preceding investigation becomes nugatory. 


The canonical form being the simplest one to which % 
ternary cubic, whose discriminant does not vanish, can be redui 
is exceedingly useful in a variety of analytical investigati 
connected with the concomitants of ternary cubic forms; | 
when discussing the properties of autotomic cubic curve: 
special form in which the elements of the triangle of refere 
have special positions must be employed. 


112. Any cubic, which is described through the nine point 
inflerion of another cubic, will have these points for points 
inflerion. 

If the cubic U be given by the canonical form (25), 
equation of its Hessian H is 


b (a? + y+ 2*) —(1 + 20) eyz = 0, 


whence the Hessian and also the curve U +AH=0 are of 
canonical form, where à is a variable parameter. But this ct 
represents any cubic passing through the nine points of infle 


of U; also by § 111, these points are points of inflexior 
U +H = 0. 
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On the Hessian and the Cayleyan of a Cubic. 


113. We have proved in § 38 that if the first polar of any 
point A has a double point at B, the polar conic of B has a 
Jouble point at A. In the case of a cubic, the first polar is the 
polar conic; hence the theorem becomes,—/f the polar conic of A 
breaks wp into two straight lines intersecting at B, the polar conic 
If B breaks up into two straight lines intersecting at A. The 
points A and B obviously lie on the Hessian of the cubic (which 
is another cubic), and are called by Professor Cayley conjugate 
poles*. The envelope of the line joining two conjugate poles was 
called by Professor Cayley the Pippian; but it is now usually 
known as the Cayleyan. 
© 114. Tangents to the Hessian at two conjugate poles of a cubic 
imtersect on the Hessian. 


Let the conjugate poles A and B be two of the vertices of the 
riangle of reference; then the polar conics of A and B must be 


f the form 
dF /da = (a + Ay) (a + wy) = 0, 


dF /dB = (mB + ^y) (8 + ny) =90, 
and therefore the equation of the cubic is 
4a+4 a ary + Apa? + 4 mB? + 4 (1+ mn) Bry 
+ inBy+4 Noy =0...... (27). 
Now if A=@F/deé, A’ =dF]dBdy &c., 
A =2a+(A+u)y 
B=2mB + (l+ mn) y 
C =2rpa + np + 2 Ny 


EN E Ge (28), 
A'=(l + mn) 8+ 2lny 
=(A +p) at 2Nuy 
C’=0 
and the equation of the Hessian is 
H = ABC — AA? — BB? =Q... (29). 


* Cayley, ‘<A memoir on curves of the third order.” Phil. Trans. 1857, p. 415; 


Collected Papers, vol. 11. p. 381. 
J. J. Walker, Phil. Trans, 1888, p. 170; Proc. Lond. Math. Soc. vol. xx. P» 382. 
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The tangents at A and B to the Hessian are the coeffici 
of æ and f° in this expression, and are easily seen to be B 
A=0. These equations obviously satisfy (29), which shows 1 
the tangents at A and B intersect on the Hessian. 

For the purpose of simplifying the analysis, we shall take 
point C in which the tangents at A and B to the Hes 
intersect as the third vertex C of the triangle of reference 
which case the tangents reduce to B=0, a=0. This requ 
that l+ mn =0, A+m=O0, and the cubic becomes 


zæ — ary? + 4 mB  — me Be + NPS ........ (30 
whilst the Hessian is 
aß (Ma + maB — Ny) + (mna + NB) y?=0...... (31 


The polar conics of A and B will form a quadrilateral DE 
as shown in the figure; and we shall now prove that:— 


115. The diagonals DG and EF of this quadrilateral inten 
at C; and the polar conic of the cubic with respect to O consist 
the line AB, and another line passing through the third poini 
where AB cuts the Hessian. 


Since the lines BD, BE constitute the polar conic of A, wl 
AD, AF constitute that of B, the equation of 


BD is a—r»v=0, BE is a+ìy=0, 
AD is 8-ny=0, AF is B+ny=0, 
from which it follows that the equations of EF and DG are 
na+rAB=0 and na—rAB=0, 
which obviously intersect at C, 
To prove the second part, we observe the polar conic of (C 


= Way — 2mn*By + Ny =0, 
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nd therefore consists of the line AB and the line 


2a + mep — Ney =O seen, (32). 
Putting y=0 in (32) the coordinates of K are determined by 
PS TMU = Ooign sc cicieicccecccevecssees (33), 


hence by (31), K is a point on the Hessian. 


The harmonic properties of the different lines in the figure are 
t once evident from § 100. 


116. The polar line with respect to the cubic of any point on 
the Hessian is the tangent to the Hessian at the conjugate pole. 

The polar line of A is dF/da?=0, which by (30) is a=0 or 
C, which has already been shown to be the tangent at B to the 
Hessian. 


117. If M be the point of contact of AB with the Cayleyan, the 
line AB is harmonically divided at K and M. 

The coordinates of C are £=0,7=0, =b sin A. Let 6€, ôn, 
£+8f be the coordinates of a point C” on the Hessian near C; 
then the polar conic of ( is 


SEŽE 4 èn Tat (£4 80) a= O08 ee... (34). 


To find where this intersects AB we must put y= 0, and we 
obtain from (30) 


; dF/da=a?, dF/d8=m, dF/dy=0, 
and (34) reduces to 
| ee + 18817 e T (35). 
Since C’ is a point on the Hessian, £, ên, č + 0 satisfy (31); 
whence writing & n, ¢ for a, B, y in (31), differentiating and 
putting €=0, 7=0, we get 
6? (mn'dé + ròn) = 0, 
and therefore by (35) 
Ma? = mn! B?, 

or Nat + MN7FB=HO...crcereccescereeeeeees (36). 

The upper sign furnishes the equation of CK, whilst the lower 
one gives the equation of CM; whence the lines CA, OM, CK and 
CB form a harmonic pencil. 

When the point A is given, there are in general three 
conjugate poles corresponding to A; for the tangent at A 
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intersects the Hessian in one other point C, and from C t 
other tangents exclusive of the tangent at A can be drawn to 
Hessian. The points of contact B, B,, B, of these three tang 
are the three conjugate poles; also since the lines AB, AB: 
are the only tangents that can be drawn from A to the Cayley 
this curve is of the third class. 


118. To find the tangential equation of the Cayleyan. 
We have already pointed out that every anautotomic cu 
curve may be expressed in the canonical form 
a+ y+ 2+ 6leyz = 0........ 37 

and that the Hessian is 
H=-P(e+y+2)+(1 + 22) vyz=0......... (38), 

and is therefore a cubic of the same form as (387). 
We have shown in § 115 that the polar conic of C is the 1 


AB and another line through the point K. Let the equations 
these lines be 


AG+wytvz=0 
Vo+ply +y'rS0) 
Let X, Y, Z be the coordinates of C; then the polar co 
of C is i 
X (x? + Qlyz) + Y (P + 2lzx) + Z (2 + 2læy)=0 ...(40). 
In order that (40) may be identical with the product of (€ 
we must have 
AN =X, pp =kY, w’ =kZ, 
pv + pv = QkLX, 
vA + vA = QkLY, 
Aw +N p = 2klZ, 
where k is some constant. Eliminating A’, w’, v' from the l 
three by means of the first three, we obtain 
— UvX + vY + pZ =0, 
YX —2WrAYV + NZ = 0, 
WX +NY — WrapZ = 0, 
whence eliminating X,Y, Z, we get 


LO? H H) (L Auw = 0 oeren, (41). 


This is the tangential equation of the Cayleyan, and its for 
shows that the curve is of the third class, 
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If we had eliminated à, u, v and k we should have found that 
N, p, v satisfy (41); hence we obtain the theorem :— 

The two straight lines which constitute the polar conic of the 
cubic with respect to any point on the Hessian are tangents to the 
Cayleyan. 

119. From the preceding theorem it appears that the four 
straight lines AD, AF, BD, BE each touch the Cayleyan, and we 
shall now prove that :—The points of contact of these straight lines 
are collinear. 

Let Q, q be the points of contact of AD, AF; and let òg, 
n + ôn, 5¢ be the coordinates of a point B' on the Hessian near B. 
The polar conic of B’ is 


dF 
dp 
To find where this cuts AD, we must differentiate (30) and 
put 8 = ny, and we obtain 
dF/da=a—Ny*, dF/dg=0, 
dF|dy = — 2rary — 2mniy? + Ng’. 
Writing & n, € for a, 8, y in (31), differentiating and putting 
£=£=0 we obtain 5&=0; whence the points where the polar 
conic of B’ cuts AD are given by the equation 


ry (20a + 2mniy — Ny) = 0, 


dF dF 


and therefore the equation of BQ is 
2n2a + mny — Ny = 0. 
Putting 8 = -— ny, it can be shown in the same manner that 
the equation of Bq is 
2n2a — mny — Ny = 0, 
whence the points Q, g lie on the straight line 
; Aa + Wnn2B— Ney =O .cccccssereeveeees (42). 
By considering the points of intersection with BD, BE of the 
polar conic of a neighbouring point A’, it can be shown that the 
points P, p ‘lie on (42); whence the four points P, p, Q, q are 
collinear. ` 
Since equations (32) and (42) are identical, it appears that the 
four points and also the point K lie on one of the lines which 
constitutes the polar conic of C. 


CHAPTER VI. 


SPECIAL CUBICS. 


120. In the present chapter we shall consider various spe 
cubics, and shall commence with the discussion of a certain cl 
of circular cubics. It will be shown hereafter that every cireul 
cubic is a degenerate form of a bicircular quartic; hence i 
theory of circular cubics is best studied as a particular case 
these curves. This will be done in Chapter IX.; but the d 
cussion of the circular cubics which are the inverses of col 
sections with respect to their vertices deserves separate treatme 


Circular Cubies. 


121. A circular cubic is a cubic which passes through i 
circular points at infinity. 


From this definition it follows that the trilinear equation 
every circular cubic is of the form 


v8 + Ju. 0 eea B i 


where S is a circle, Z the line at infinity, and v, is a terne 
quantic in a, 8, y. Also since the line v, intersects the cubic - 
two points at a finite distance from the origin and one point 
infinity, this line is parallel to an asymptote. 


122. To find the equation of a circular cubic in Oartest 
coordinates. 


Since J is a constant, (1) may be written in the form 


(v, + %) (79 + w, +) + V =O, 
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where V is the general equation of a conic in Cartesian coordinates 
and vn, Wn are binary quantics in æ and y. This equation is 
equivalent to 


Ue + Us + Uy + Uo = 0 Cee eres arereaesseses (2), 


where w, is also a binary quantic in x and y. Equation (2) is the 
general equation of a circular cubic in Cartesian coordinates. 


123. To find the equation of a circular cubic which has a pair 
of imaginary points of inflexion at the circular points. 


If u, v, w be any three straight lines, the equation 
u(vt+w*)+2=0 


represents a cubic having one real and two imaginary points of 
inflexion on the line at infinity, and the tangents at the two latter 
points are v+cw=0. Let the origin of a system of Cartesian 
coordinates be the point of intersection of these two tangents, 
then, if the two imaginary points are the circular points, v= <, 
w=y, and the equation of the curve becomes 
u(e+y)+l*=0, 

or 

(2 +y’) (pe + qy +r) +e =0, 


where p, q, rand c are constants. The line px + gy + r= 0 touches 
the curve at the real point of inflexion, which is at infinity ; also 
there will be a node on the axis of æ if the discriminant of 
a? (px +r) +c? = 0 vanishes, which requires that 27p’c? + 47° = 0. 


124. The inverse of a conic with respect to a point on the curve 
is a circular cubic, whose asymptote is parallel to the tangent to the 
conic at the centre of inversion. 


The equation of a conic referred to a point on the curve 
is u +u, = 0, the inverse of which is ru + ku, =0, which is a 
circular cubic. The origin is obviously a double point, which will 
be an acnode, a cusp or a crunode, according as the conic is an 
ellipse, a parabola or a hyperbola; also the line u,, which is the 
tangent to the conic at the origin, is parallel to the asymptote of 
the cubic. 


125. We shall now consider the circular cubics which are 
obtained by inverting a conic with respect to its vertex. 
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Let the equation of the conic be a] A? + y?/B* = 2a] A a 
inverting with respect to a circle of radius & and putting a = $k?) 
b = 442A/B*, the equation of the curve becomes= 

x(a +) = as + by? «....... 7 (3). 

When a and b are both positive, the curve is the inverse of 
ellipse ; when a = 0 the curve is the inverse of a parabola and 
called a cissoid; when b is negative the curve is the inver 
of a hyperbola; and when a =-—b, the curve is the inverse of 
rectangular hyperbola and is called the logocyclic curve. P 
latter curve has been discussed by Dr Booth in connection wi 
the geometrical origin of logarithms. 

The cubic obviously cuts the axis of æ at the origin O, whi 
is a double point, and also at the point A, where OA =a, which 
called the vertex; and the line «=6 is the only real asympto: 
The lines y = + (a/3b)' cut the curve in two points of inflexic 
which are real or imaginary according as the curve is the inver 
of an ellipse or a hyperbola. The remaining point of inflexio 
which is necessarily real, is at infinity. 

The different forms of the curve, according as the conic is é 
ellipse, a hyperbola or a parabola, are shown in the accompanyi 
figures. 


126. If from the vertex A a straight line is drawn cutting tl 
curve in P, I”, then AP. AP’ = AO; and the locus of Q the midd 
point of PP is the circular cubic 


2x (a? + y’) = (b — a) y? — 2aa*, 


Transfer the origin to the vertex and then change to pola 
coordinates and we shall obtain 


1° — r \(b — a) sin? 0 — 2a cos? 6} sec 0+ a?=0...... (4), 
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hence AP.AP = AO? 
nd 2AQ=AP + AP ={(b—a) sin? 0 — 2a cos? 6} sec 8. 


When the cubic is the inverse of a hyperbola, the loop is the 
inverse of the two branches; but when the cubic is the inverse of 
an ellipse it follows that if the tangent from A touches the curve 
at R, AR = AO and the portion between A and R is the inverse 
of the portion beyond R. Also the locus of Q is a circular cubic 
of the same species, having a crunode or an acnode according as 
the signs of b —a and 2a are the same or different. 


127. If the tangents at P and P’ intersect at T, the locus of T 
is the cuspidal cubic 
æ {(b— a) x + Qby?} = 2b?y*. 
Let (h, k) be the coordinates of T referred to O as origin. 
Transfer the origin to A and let y = mæ be the equation of AP’P. 
Then this line must intersect the cubic and the polar conic of T 


in the points P, P’; if therefore we substitute ma for y we shall 
obtain two quadratic equations which must be identical. 


The cubic leads to the equation 
a (m? +1) + x {2a + m (a — b)} +a7=0, 
and the polar conic to the equation 
a {8h —a + 2km + (h — b) m} 
+ 2a {2ah — a? + k (a —b)m} +a (h — a) =9, 
whence equating coefficients, we get 
h + kim +} (a — b) MP =O reret (5), 
ah +k(a— bym —$ (a-b) (h-a) m? =O «eee (6). 
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Eliminating m we get 
h \(b—a)h? + 2bk*} = Wk, 


which is the equation of the locus. 


<- 


128. We shall now show that the point T may be found 
the following geometrical construction :— 
Let AP meet the asymptote in S; bisect BS in K ; join O 
and from Q the middle point of PP’ draw QT perpendicula 
AP meeting OK in T. Then TP, TP’ are the tangents at 
and P. 
Let OT meet the asymptote in K. Then from (5) and (6) 
obtain 


a wo o m an 
m= 0-a t=O 
But 
_ BS _ BS 
oat he re. 
and 
k BK 
aa P 
whence 
BS = 2BK, 


Since the points P and P’ are inverse points the ang 
TPP’ =TP'P; whence TP = TP’; hence if TQ be drawn perpe 
dicular to AP, Q is the middle point of PP’, and the constructii 
at once follows. 


129. If the tangents at P and P’ meet the asymptote ù 
and ť, 
Pt=P't. 
We have shown in § 126 that 
2AQ cos 0 =(AP + AP’) cos 0 =b —a — (b + a) cos? 0 ...(7). 
Also if 
$= TPP œ TPP, 
it can be shown from (4) that 


cot p = O* asin Fe AGtone 
Now 


er 
PS cos (0+¢)’ 
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rhence 
peal 22- 4AP cos 8 
cos (8+ ¢) 
_ [(b+4)c0s0 + AP! cos 8 
cos (6 + $) K 


y (7). But 

cos (6 + $) = sin ¢ {(b + a) cos 0 + AQ — PQ} sin 6/PQ 
= {(b + a) cos 0 + AP’} sin 0 sin 6/PQ, 

whence 
Pt= PQ cot 0 cosec ¢. 

Proceeding in the same way, we shall find the same expression 

for Pr; whence Pt= Pf. 

This proposition was first proved by Dr Booth for the case of 
the logocyclic curve. 


130. Since nodal circular cubics are curves of the fourth class, 
it follows that four tangents can be drawn from any point not on 
the curve. We shall now obtain the quartic equation which 
determines the vectorial angles of the points of contact. 


The polar conic of any point (h, k) is 

h (842 + y? — 2aw) + 2ky (x — b) — aa? — by? = 0 ...... (8). 
Transform (3) and (8) into polar coordinates, eliminate r, and 
put z = tan 0, and we shall obtain 
b(h — b) 24+ (3bh — 2ab — ah) 2 — 2k (b — a) z + a (h — a) = 0. ..(9). 
When the point is on the asymptote, h =b and the quartic 
reduces to a quadratic; whilst if a=0, so that the cubic 


becomes a cissoid, (9) reduces to a cubic as ought to be the case, 
since cuspidal cubics are curves of the third class. 


131. If the ordinate at P’ meet the curve again in p, the 
tangents at P and p intersect on the curve. 


Let V be any point (h, k) on the curve; VP, Vp the tangents 
drawn from V to the curve. 
Equation (9) gives the values of z or tan 0 ; but if (h, k) lies on 


the curve two of the roots of the quartic must be equal to k/h, 
whence if z,, Za be the other two roots 


L ETETE (10), 


-k°z,2, a(h—a) 


he b(h—b)’ 


80 SPECIAL CUBICS. 


whence by the equation of the curve 
åt = — ajb o oe (11 


Let POB=6, pOB = P; then z, = tan 6, 2, = — tan 0’, whe 


tan 0 — tan 0 <2 ald 
tan ô tan 6’ =a/b 0 0 acces cle spetersrerenennel 2 

Accordingly 
tan 6+ tan 0 = 2 (bk? + ah?)t/hb? = 2) (say). 


Produce the ordinate at p to meet the curve in P, t 
POB = pOB=@; and the equation of the two lines OP, OP'1 


aa? — Ibray + by =0 sove.. sees (18). 

The equation of the curve is 

æ (æ + y”) — aa? — by’ = Ouna aae e (14). 

Adding (13) and (14) we get 
x HY — DNY = À onenen. (15), 


which is the equation of the circle circumscribing the trian; 


OFP. 
Multiply (15) by a and subtract from (13) and we get 
(b—a) y + 2D (a — 2) =0. 


This is the equation of the straight line which passes throu 
P and J”, and since it is satisfied by y= 0, æ = a, it passes throt 
the vertex A. 


132. The circle circumscribing the triangle OPp passes throw 
a fixed point on the axis. | 
From (12) it follows that the equation of OP, Op is 
ax? — by? — 2bkay/h =0. 
Subtracting this from (14) we obtain 
a+ y? — 2ax + 2bky/h =0, 


which is the equation of the circle which passes through OP 
This obviously passes through the point æ = 2a, y =0. l 
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The Trisectrix of Maclaurin. 


133. A particular case of the nodal cubic is the trisectrix 
Maclaurin, whose equation is 
d (œ + y") = 30 (y" — 82°), 

ich may be constructed as follows. 

Let OCO’ be a diameter of a circle whose centre is C; through 
„the middle point of OC, draw a straight line perpendicular to 
; draw OBA cutting this line in B and the circle in 4; on 
O produced take a point P such that OP=AB. Then the 
cus of P is the required curve. 

Let OC =a; AOC=80; then 

—x=OM=OP cos 0 = AB cos 0, 


AB = 0A — OB = 2a cos 0 — 4a sec 0, 
hence 
— æ = ła (4 cos! 0 — 1), 


— y = $a (4 cos? 0 — 1) tan 0, 
hence eliminating 0, we obtain 
x (a? + Y?) = $a (Y? — 32°). 


By means of § 123 it can be shown that the circular points 
e points of inflexion, that the third point of inflexion (which 
ust be real) is also at infinity, and that the line æ= }a is the 
flexional tangent. 


The Logocyclic Curve. 


134. The logocyclic curve is the inverse of a rectangular 
yperbola with respect to a vertex. 


Putting a =—b in (3) of § 125, the equation of the curve may 
e written 
By PRG) E (1), 


i 7 COS 6 +. COS 2O =0 .uessessseesssssses. (2). 
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The point z =-— b, y=0 is the vertex, and the line s=b i 
asymptote. The form of the curve is shown in the figure. 


Transfer the origin to the vertex A, and transform to ] 
coordinates, and the equation of the curve becomes 


r? — 2br sec 0+ GF =0..........csssseueue (3 
whence 


r=b(sec 0 + tan @) adese 4 

Equation {4) enables the curve to be defined in the folloy 
manner. Let A be a fixed point, OD a fixed straight line wi 
distance from A is b, and let AO be perpendicular to OD. I 
any line AD cutting OD in D; and on AD take two points J 
such that PD=P’D=OD. Then the locus of P and J 
the logocyclic curve. f 


From the construction it follows that 
AP =b (sec 6 — tan 6), 


AP’ =b (sec 6 + tan 0), 
whence 


AP. AP =Y=AC. 


135. The triangles AOP and AP'O are similar, and the a 
POP is a right angle. 
The first part follows from the relation AP.AP’ = AO? 
therefore A OP = AP'O. Also since PD=P'D= OD, 


DOP = DP'O=POA = §r — POD. 
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136. If ¢ be the angle which the tangent at P makes with AP, 
tan $ = cos 0. 
Taking the lower sign in (4) we have 
tan ¢ = — tan APT = — rd6/dr = cos 0. 


From the properties of inverse curves, it follows that ¢ is also 
e angle which the tangent at P’ makes with AP’. 


137. If OK be drawn parallel to AP, and DT be drawn 
erpendicular to AP meeting OK in T, the lines TP, TP’ are the 
ngents at P and P’, and the locus of T is a cissoid. 


Putting b= — a in the result of § 127, it follows that the locus 

f T is the cissoid a (<? + y’)= by. Also since AO=OX, it follows 

at the line OK in § 128 is parallel to AP. A direct proof may 
f course be given. 


138. The locus of the foot of the polar subtangent is a cardioid ; 
hilst that of the polar subnormal is a parabola. 


Let ZAZ’ be the polar subtangent ; draw AY perpendicular to 
he tangent at P. Then 


AZ = AP tan $= b (sec 0 — tan @) cos 0 

=b (1 + cos ZA 0). 
Also if G, G’ be the feet of the polar subnormals 
AG = AP cot ¢ = b (sec 0 — tan @) sec 0 


p a 
~ l+sinf 1+cosGAO’ 


139. Let the tangents from any point T on the asymptote touch 
he curve in P and Q; and let the ordinates at these points meet 
he curve again in P’ and Q ; draw P'O, Q'O meeting the tangents 
t Qand P in M and N respectively. Then the angles 


PON = QOM = TAO. 
Equation (9) of § 130 gives the vectorial angles referred to O 


s origin of the four tangents drawn from any point 7. But if 
lie on the asymptote h =b = — a, and (9) becomes 


Bi — Qe — D0)... co ccueeneeetenccesees (5), 
hence 
tan 0, + tan 0, = 2k/3b, 


tan O, tan 0; = 4, 
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accordingly 
tan (0, + 0.) = 4k/b. 
Now ` 
PON = POX — NOX 
= 6, 7 6, = T, 
also 
QOM =QOX — MOX 
= 0, = 0, — i 
and 
tan (6, + 0, — 7) =tan (0, + 0) 
= th/b=TX/AX 
=tan TAR 
whence 


PON = QOM = TAX. 


140. The envelope of the chord of contact PQ is an ellipse 


Putting h =b = -— a in (8) of § 130, the equation of the | 
conic is 
U = 2ba? + kay + Ba = bky= 0 ..... ae (€ 

and by (5) of § 139, the equation of the two straight lines d 
from the node to the points of contact is 


V = 3by* — 2kry — bat = Q osca. e 


whence U +V =0 is the equation of another conic which p 
through the points P, Q and also the origin. The easiest ¥ 
determining the condition that this conic should represent 
straight lines is to observe that one of them must be of the 
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=x; whence substituting and equating coefficients of æ we 
all find that u= b/k, \ = k?/(k?— b), and we obtain 


(bæ — ky) (k — 20°) « — 3bky + b (k? — b)} =0. 


The second factor equated to zero is the chord of contact, and 
s envelope is the ellipse 


9y? + 4 (x + b) (2x +b)= 0. 


Further information on this curve will be found in Booth’s 
Yeatise on some New Geometrical Methods. 


The Cissoid. 


141. The cissoid is the inverse of a parabola with respect to 
ts vertex, and its equation is found by putting a=0 in (3) of 
, 125, and is ’ 

PE E DY? aenean (1), 


or : 
OOo i cl af a ad (2). 


It is also the pedal of the parabola y? + 4bæ= 0 with respect 
o its vertex. 


It is, however, more usual to define the cissoid by the following 
onstruction. Let OA be a diameter of 


: : : : Q 
circle, Q any point on its circumference; 
raw QN perpendicular to OA. Let 
M be a point on OA such that OM=AN, 
O al A 


nd let MP be drawn perpendicular to 
A meeting OQ in P. Then the locus 
f P is a cissoid. 


Let POM=0, OA=b; then 
x=0M = AN =bsin’9, 
y?|(a2 + y) = sin? 0, 
whence the locus of P is the curve 
. x (x? +P) = by’. 
The curve has one asymptote, viz. the line y = b, also the origin 
is a cusp; hence the curve is of the third class. 


The circle OQA is called the generating circle. 
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142. Newton has given the following geometrical construe 
for drawing a cissoid. 


The side CB of a right angle is of constant length 2c. 1 
side CA passes through a fixed point A, whilst the extremity 
moves along a fixed straight line whose distance from 4 is eq 
to CB. Then the locus of the middle point P of CB is a cissoi 


Let O be the middle point of AD, then AO=OD=c;% 
let CAD =0, x= 0M, y= PM. Then 


A c—a= MD =csin 9, 
y cos 0 + (c + z) sin 0 = CP =o, 
whence eliminating 0, we get 
æ (a? + y?) = 2cy?, 


and therefore the locus of P is a cissoid. 


D 


143. The cissoid was mvented by 1 
Greek geometer Diocles for the purpose of obtaining a geometri 
construction for solving the problem of finding two mean p 
portionals between two straight lines; or, as it is sometii 
called, the duplication of the cube. This construction, combit 
with Newton’s method of drawing the curve, enables the probl 
to te solved by the aid of mechanical appliances. > 


let a and b be two straight lines, then it is required 
determine x and y such that 


alfa = sjy = y/b, 
which requires that a*h = x", 
let OA =a, OD =b; join AD meeting the cissoid 
a (aS ge) See 


in P. Join OP and produce it to meet the 
Q asymptote in Q Then AQ is the requi 
line. 


From the equation of the cissoid 


PMW OM 
OM: AM’ 
"a PM_ AQ 


OM AS ‘ 
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and Be l b 
id AM” PQ” AQ’ 
. AQ b 
whence a 7 9° 
or AQ? =a. 


144. Since a cissoid is a curve of the third class, three 
tangents can be drawn from any point not on the curve. We 
shall now explain a geometrical construction by means of which 
this may be done*. 


The polar conic of any point (h, k) is 

h (3a? + Y) + 2ky (æ —b) = by? ....ceeccceeee (3). 
Multiply (1) by 3A and (8) by æ and subtract and we shall 

obtain | 

2kæ (x — b) = (b + Qh) æy — Bbhy......cceseeees (4). 

Multiply (3) by 3h and (4) by 2k and add and we get 
(Dh? + 44°) 2? + 3h (h — b) y? + 2k (h — b) ay — 4bkèx =0. 
In this write (x? + y*)/b for y?/x and we get 
dh (h — b) (a? + y) + (Dh? + 4k?) ba + 2kb (h — b) y — 4072 = 0 
O a T (5), 


which is the equation of the circle passing through the three 
points of contact of the tangents from.(h, k). 

A circle and a cissoid intersect in six points, two of which are 
the circular points at infinity ; and we shall now find the fourth 
point of intersection R. 

Transform (5) to polar coordinates, eliminate r by means of 
(2) and we shall obtain the equation 


(3h tan 6 + 2k) {(h — b) tan? 0 + 3h tan 0 — 2k} =0 ...(6). 
Putting a=0 in (9) of § 130, it follows that the second factor 


gives the vectorial angles of the points of contact of the tangents 
drawn from (h, &); whence the equation 


RPG) NSO)... 2. . rmnjaipinc nosey e + sine (7) 
determines the fourth point R in which the circle cuts the 


cissoid, 


* J. J. Walker, “ On tangents to the cissoid,” Proc. Lond. Math. Soc. Vol. 1. 
p. 161. 
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The points where (5) cuts the generating circle are found 
transforming (5) to polar coordinates and eliminating r by me: 
of the equation r=bcos 6. This leads to the equations | 


2k tan 6, + re 
2k tan 6, — 4h + b= 0 


Equations (7) and (8) give the following geometrical constr 
tion for drawing three tangents to 
cissoid from an external point. 


Let A be the centre of the ger 
rating circle, OA the cuspidal tange 
From the point 7 (h, k) draw 7 
perpendicular to OA, and take K st 
that KM=2TM. On the other side 
OM draw OR cutting the cissoid in 
such that angle ROM = MOK. Draw OQ perpendicular to € 
meeting the generating circle in Q. Produce AO to L so th 
AL=0M ; join LT, and draw OQ’ cutting the generating circle 
Q, and making with OM an angle Q'OM = LTM. Let the cir 
through QQ’R cut the cissoid in P,, Pa, Ps; then TP,, TP., 2 
are the tangents from T. 


We have tan ROM = tan MOK = 2k/8h, 


T 
K 


whence by (7) R is the fourth point of intersection of the ciss¢ 
with the circle through the points of contact. Also 


tan QOM = cot MOK = 38h/2k, 
tan Q'OM = tan MTL =(4h —b)/2k, 


whence by (8) Q and Q’ are the points where the circle throug 
the points of contact cuts the generating circle. 


When the point T is on the curve, the tangent may be drat 
by the following simple construction. 


Produce the ordinate TM to K such that KM=27M; jo 
OK and produce it to meet the curve in R, then TR is tl 
required tangent. 


Putting a = 0 in (9) of § 130, the equation 
(h — b) tan? 0+ 3h tan 0 = 2k =0 ..........0050- (9) 
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determines the vectorial angle of the points of contact of the three 
tangents drawn from (h, k) to the cissoid. If (h, k) lies on the 
curve, k? (b — h) = k, whence (9) becomes 


hè tan? 0 — 3hk* tan 0 + 2h? =0............08. (10), 


two of the roots of which are equal to k/h (as ought to be the 
case), whilst the third root is equal to —2k/h. This at once gives 
the foregoing construction. 


When T is on the asymptote, h =b, and we obtain from (9) 
tan 0 = 2k/h. Hence if OK meet the curve in P, then P is the 
required point of contact. 


145. To find the tangential equation of the cissoid. 
The equation of the tangent at (a, y) is 


X (82+ Y) + 2 Vy (x —b) =b? osses. (D 
whence E = (82? + y’)/by’, 
n= 2 (æ —b)/by. 
Eliminating æ and y by means of (1) we obtain 
Beg: = ADE — LY ..... 228. ear eens (12). 


By § 57, the reciprocal polar is obtained by writing «/h?, y/k? 
for £, n; and is 
QT hebty? = 4 (ba — PY occ eee ee ee eseeees (13). 
This curve is the evolute of a parabola. 


The pedal of the cissoid with respect to the cusp is obtained 
by inverting with respect to a circle of radius k, and is 
27 by? (a2 +Y) = 4 (ba — 2° YPY eee (14), 
and is therefore a sextic curve. 


The orthoptic locus is a sextic curve which can be written 
down by the method of § 68. 


Foci. 


146. The foci of circular cubics are best studied when the 
curve is treated as a particular case of a bicircular quartic; we 
shall therefore only make a few remarks on the subject. 

Since nodal circular cubics are of the fourth class, it follows 
that the curve has one real double focus and four real single 
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ones; also the inverse points of the foci of the conic, whose invers 
the curve is, are two of the single foci; and the node is a thii 
focus. On the other hand, cuspidal cubics are of the third clas 
but in consequence of the cusp replacing the node, the curve ne 
the same number of double and single foci. It will be shown 1 
Chapter VIII. that when a circular cubic has a double point, tk 
latter is a double or a triple focus composed of the union of two o 
three single foci, as the case may be, according as the double pou 
is a node or a cusp; but for the special class of circular cubic 
considered in the present Chapter a direct proof may be give 
as follows. 


Transform the cubic x(a? + y*?) =aa?+ by? into trilinear c 
ordinates by taking an imaginary triangle of reference, one ¢ 
whose sides is the line at infinity, whilst the other two sides ar 
the lines joining the double point with the circular points. The 
we may write 

B=a+u, y=a-—y, I=1, 
and the cubic becomes 


2By (B+) = {a (8 +y -b (8 -— Y} Z, 
and therefore the tangents at the circular points (y, J), (8, T) are 
2y=I(a—b), 28=I(a—b), 
or in Cartesian coordinates 
2 (x —ıy)=a—b, 2(x+ıy)=a—b, 
which intersect at the point 2x=a —b, y=0, which determine 


the double focus. 


To obtain the real single foci, we observe that symmetry show 
that they must lie on the axis of x; we must therefore find th 
condition that the line xz—a+ıy=0 should touch the cubi 
where (a, 0) are the coordinates of any focus. The points ¢ 


intersection of this line with the cubic are determined by tk 
equation 


a (a — b — 22) + a (2b +a) — ba? =0, 
and the line will be a tangent if 
a? (a° — 4ba + 4ab) =0. 


~ ma e of a nodal cubic, the factor a? = 0 determines tw 
of the single foci, which shows that the node is a double focu 
formed by the union of two single foci; whilst the other fact 
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determines the two remaining single foci, which are the inverse 
points of the foci of the conic. 


In the case of the cissoid a = 0, and the equation becomes 
aè (a — 4b) = 0, 


which shows that the cusp is a triple focus composed of three 
single foci, whilst the other single focus is the inverse of the focus 
of the parabola. The double focus is determined by the equation 
“2 =— $b. 


147. If O be the node of any nodal circular cubic, S and H 
the two single foci, and P any point on the curve, 


L.SP+m.HP=n. OP, 


where l, m, n are constants. Also if a central conic be inverted 
with respect to its vertex O, and A be the vertex of the cubic, 


DOMA EP OP 
-05 OH™ OA" 

Let S, H’ be the foci of the conic, 24 its major axis, P’ any 
point on the conic; then, if unaccented letters denote the inverse 
points, 

me of SN R.OS 
U Oo F’ 


HP H'P’.OH 
U P ’ 
eee POP ao pr 
= 2A . OP/k, 


which proves the first part. But when O is the vertex of the 
conic, k?/2A =a=OA, which proves the second part. 


148. The following propositions may be proved by inversion 
for any nodal circular cubic. 


(i) Thè circles passing through OSP and OHP cut the curve 
at equal angles. ! 


(ii) If any circle passing through O and a focus cut the cubic 
in P and Q, the tangent circles at P and Q which pass through O 
intersect on a fixed circle. 
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(iii) If two circles drawn through O touch the curve at P an 
Q and also cut one another orthogonally, their other point of inte: 
section lies on a circle. 
We shall conclude this Chapter by discussing a few cubic 
which do not belong to the foregoing species. 


The Semicubical Parabola. 
149. The semicubical parabola is the curve whose equatio 


is 


and we shall now prove that this curve is the evolute of 


parabola, 
Let O be the centre of curvature at any point P of a parabo: 


O 


whose latus rectum is 4c. Let SGP = SPG = ws (a, ¥) the co 
ordinates of O referred to the focus S. Then by Conics, 


PO . SY = ISP? 

and SP=csec’w, SY =c sec y, 
PO = 2c sec? y. 

Also æ = — SP cos 24 + PO cos y 


=c¢ (1 +3 tan? yw), 
y= — SP sin 2y+ PO sin y 
= 2c tan’ y, 
whence the locus of O referred to S is 
27 cy? me 4 (2 ~C)....00.s0..00s (25 


Transfer the origin to the point æ =c, which is the centre « 
curvature of the vertex A, and (2) becomes 


27 cy? = 423 teseosreseasootuonan ee. TAN 


| 
| 
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which is of the same form as (1). The form of the curve is shown 
in the figure. 


Comparing (2) with (13) of § 145, it follows that the semi- 
cubical parabola is the reciprocal polar of a cissoid with respect to 
its cusp, and that the cissoid is the reciprocal polar of a semicubical 
parabola with respect to the focus of the parabola of which it 
is the evolute. Also since the cissoid is the inverse of a parabola 
with respect to its vertex, we may deduce properties of the cissoid 
from those of the parabola by inversion, and thence deduce 
properties of the semicubical parabola by reciprocation. 


150. To find the tangential equation referred to the cusp as 
origin. 
From (1) it follows that the equation of the tangent at (æ, y) 
F 3XL -— 2 Yay = ap, 
accordingly the tangential equation is. 
E E E. (4), 


whence the semicubical parabola is its own reciprocal polar with 
respect to its cusp. It also follows that the line at infinity is a 
stationary tangent to the curve; hence the curve has a point of 
inflexion at infinity, and one real asymptote, viz. the line at 
infinity. 

The first positive pedal is the quartic 


haa? = QT (a? +?) Y vseeececrecseeeeeeees (5), 
whilst the orthoptic locus is the parabola 
Y? = C (UW —C)ecrsecenecrenserssscneeees (6), 


Where c= 4a/27, which is a different form of the well known 
proposition that the locus of the intersection of two perpendicular 
normals to a parabola is another parabola. 
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The Cubical Parabola. 


151. The cubical parabola is the curve whose equation is 

# Sag ee ll (1); 

the origin is therefore a point of inflexion. 
The tangential equation of the curve is 
4038 4-279 =O E (2), 


and consequently the curve is its own reciprocal polar with respe 
to its point of inflexion. The curve has a cusp at a point E 
infinity on the axis of y; and the line at infinity is the cuspid 
tangent, and is therefore the real asymptote. 


The first positive pedal is the quintic ` 
Aare? + 27 (PHYP y= 0 vececeeeeseeneeees (3), 

whilst the orthoptic locus is the quartic 
(zy +} + y= 0, 


where c?= 4a?/27, which breaks up into the axis of æ and th 
rectangular hyperbola «xy +c? = 0. l 


The Folium of Descartes. 
152. The equation of the folium of Descartes is 


a+ y= Bazy, 


and if the axes be turned through an angle of 45°, the equatio 
becomes - 
a (a? + By") =a (a? — y*).............00 (1). 


The curve may be generated in the following manner: 


Let O be a fixed point on a circle whose centre is O, and | 
CO, CB be two perpendicular diameters, Draw any line O 


ESE ’'W eee, 
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cutting CB in B and the circle in A; and on OA take tw 


. o points 
P and Q such that OP= AB and 


so that OQPB is a harmonic range; then the locus of Q is the 
required curve. If a be the radius of the circle, we have 


2 — y? = OW? cos 20, 
£ + oy = 00? (3 — 2 cos? 6), 


ay" cos 20 
whence = T ae a oa oeeo seon ereecssenvece (3). 
Now OB =asecð, 
OP = AB = 2a cos 6 = asec 0 iiinn.. (4), 
whence by (2) o= agos 28 


-7 0(3 — 2 cos 6)’ 
and therefore (3) becomes 

a (æ — Y) =a (a? + 3y’), 
_ which is the locus of Q. 


The locus of P is the logocyclic curve, for if (æ, y) are the 
coordinates of P, 

pie i 

ee y 

and by (4) OP cos 0 = a cos 26. 


, The form of the curve is almost identical with that of the 
logocyclic curve. The origin is a crunode, and the line 32 +a = 0 
is the only real asymptote. The curve has one real point of 
inflexion which is at infinity, and the asymptote is the inflexional 
tangent. To prove this, interchange æ and y in (36) of § 49, and e 
it becomes 


y (p + qu) (la + my +n) + Pa? + Qa? + Re + S=0. 


In this, put m=P=1, Q=—a, R=S=l=n=0, p=a,q=3 
and the equation reduces to (1), and the asymptote 3w +a = 0 is 
the inflexional tangent at infinity. 


= cos 26, 


96 SPECIAL CUBICS. 


The Witch of Agnesi. See bedno. 
158. Let AB and CD be two perpendicular diameters of 
circle. Through A draw ANQ, cutting the circle in Q and ti 
diameter CD in N; through Q and N draw QM, NP respective 
parallel to CD and AB and intersecting in P. Then the locus 
P is a cubic called the witch of Agnesi*. 
Let A be the origin, QAM =@; the 
(y? + a?) cos? 0 = a’, { 
and æ = 2a cos? 0, 
whence the equation of the curve iş 
(y + a") o= 2a (1). 


The form of the curve is shown i 
the figure. It has two real points ¢ 
inflexion at C and D and a third rez 
point at infinity; also the curve cuts th 
axis of x at right angles at B, and the 
axis of y is an asymptote. 


The curve has also a conjugate poin 
at infinity; which lies on the axis of z. This result at once follow: 
from (34) of § 48, from which we see that the nodal tangents ar 
determined by ¥* + a? = 0, and are therefore imaginary. 


° Agnesi, Istituzione analitiche, Milano 1748. Loria, Bibliotheca math. 1897 
p. 7. 


he urtek ,#s E i lofnod rove clone (1358) has au rchnate 4 
an arve Curve | 


CHAPTER VII. 


CURVES OF THE THIRD CLASS. 


154. WE have shown in § 54 that the class of a curve is 
qual to the degree of its reciprocal polar, also that a node and a 
usp respectively correspond to a double tangent and a stationary 
angent on the reciprocal polar. Whence curves of the third class 
e the reciprocal polars of cubics, and may be classified according 
o the following scheme: 


n Ò K m T l D 
6 0 9 3 0 0 l 
4 0 3 3 1 0 0 
3 0 l 3 0 1 0 


The first species, which are the reciprocal polars of anautotomic 
ubics, include all sextic curves of the third class. They have 
ine cusps, and no nodes, double tangents or points of inflexion ; 
lso since six of the points of inflexion of an anautotomic cubic 
ust be imaginary, six of the cusps of the sextic must also be 
imaginary. 

The second species, which are the reciprocal polars of nodal 
cubies, include all quartic curves of the third class. They have 
three cusps, one double tangent and no nodes or points of 
inflexion ; also since two of the points of inflexion of a crunodal 
cubic are imaginary, it follows that if the double tangent touches 
the quartic in two real points, one of the cusps must be real and 
the two others imaginary. If on the other hand the double 
tangent touches the quartic in two imaginary points, all three 
cusps must be real. Since an acnode is a real point, the corre- 
sponding double tangent must be a real straight line; but the 
points of contact, which correspond to the tangents at the acnode, 
will be imaginary. 

B.C. a 
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The third species consists of cuspidal cubics, which hH 


already been discussed. 
k2 


155. We shall now give a few examples of the method 
which properties of curves of the third class may be obtained fi 
those of a cubic by reciprocation. 


(i) A straight line can be drawn through three real 
of inflexion of a cubic, or through one real point and two conjug 
imaginary ones: whence, 


The cuspidal tangents at three real cusps, or at one real ¢ 
two conjugate imaginary cusps of a curve of the third class, 7 
through a point. 

Since a quartic curve cannot have more than three cusp 
follows that the cuspidal tangents of a tricuspidal quartic mter 
in a point. 

(ii) If three tangents be drawn to an anautotomic cubic f 
a point of inflexion, the points of contact he on a straight l 
whence, 


The tangents to the sextic, at the three points where any cusp 
tangent intersects the curve, meet at a point. 


This point which is the pole of the harmonie polar will 
called the harmonic point of the cuspidal tangent. In the cas 
a tricuspidal quartic, the point in question is the point of im 
section of the double tangent with the tangent at the point w. 
the corresponding cuspidal tangent cuts the curve; also sin 
nodal cubic has three harmonic polars which intersect at the n 
there are three of such points, which lie on the double tangen 
the quartic. 


(iii) If a straight line intersect a cubic in three points, 
three points, in which the tangents at the first three points cut 
cubic, lie on a straight line: whence, 


If three tangents be drawn to a curve of the third class fro 
point, and from the points of contact three other tangents be di 
to the curve, these last three tangents will meet at a point. 


(iv) Zf two straight lines be drawn through a point of infle 
to meet a cubic in four points, and their extremities be je 
directly and transversely, the two points of intersection lie on 
harmonic polar: whence, 
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| From any two points T, t on a cuspidal tangent of a curve of 
he thard class draw two pairs of tangents TP, TQ and tp, tq to the 
urve; and let P, p, Q, q be their points of intersection, then PQ 
and pq pass through the harmonic point. 

From (11) it follows that in the case of a tricuspidal quartic, 
the lines PQ and pg intersect on the double tangent; which may 
be easily verified in the case of some simple curve such as the 
pardioid or the three-cusped hypocycloid. 


(v) Lf two tangents be drawn to a cubic from a point A on the 
urve, the tangent at the third point where the chord of contact 
miersects the cubic meets the tangent at A at a point on the curve: 
vhence, 


Let a straight line touch a curve of the third class at D and 
miersect it at Band C. Let the tangents at B and C intersect at A, 
and let the tangent at A touch the curve at E; then DE touches the 
Urve. 
i 

156. The foregoing examples sufficiently illustrate the appli- 
cation of the method of reciprocal polars in the case of curves of a 
igher degree than the second. It will, however, be shown in 
Jnapter XII. that any projective property of a nodal cubic may 
be deduced from the corresponding property of the logocyclic 
urve; and therefore instead of reciprocating the properties of 
his curve, and thereby deriving properties of a special class of 
tricuspidal quartics, the preferable course is first to generalize by 
projection, and afterwards to reciprocate. But in the case of 
properties which are not projective, the method of reciprocation 
lay be employed with advantage in the first instance. 


Orthoptie Loci. 


157. In § 68 we have explained a general method of finding 
the orthoptic locus of a curve. We shall now apply this method 
0 examine the orthoptic loci of curves of the third class. 


In dealing with this subject, the most convenient classification 
o make is a fourfold one which is founded upon the position of 
he origin of reciprocation. 


(i) Let the origin not lie on the cubic. Then the reciprocal 


olar consists of all sextic, quartic and cubic curves of the third 
7—2 
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class which do not touch the line at infinity; and the ortho 
locus is a sextic curve. This may be verified in the case of 
cissoid ; and it will hereafter be proved thatcin the case of i 
cardioid, the orthoptic locus consists of a circle and a limag 
which together make up a sextic curve. 


(ii) Let the origin lie on the curve. Then the recipr 
polar includes all sextic, quartic and cubic curves of the tl 
class which touch the line at infinity; and the orthoptic locu 
a quartic curve. 


(iii) Let the origin be a node. Then the reciprocal pc 
includes all quartic curves of the third class to which the line 
infinity is a double tangent; and the orthoptic locus is a cc 
The three-cusped hypocycloid furnishes an example, for the lc 
is a circle. 

(iv) Let the origin be a cusp. Then the reciprocal pi 
includes all cubic curves to which the line at infinity is a statio 
tangent; and the orthoptic locus is a conic. For example, 
orthoptic locus of the evolute of a parabola is a parabola. 


CHAPTER VIII. 
QUARTIC CURVES. 


158. THE general equation of a quartic curve is of the form 
U, + Us + Uz + tọ + Uy = 0, where un is a binary quantic in æ and y, 
and therefore contains fourteen independent constants. A quartic 
cannot have more than three double points; or it may have two, 
one or no double points ; also any double point may be a node or 
a cusp. It therefore follows from Pliicker’s formulae, § 89, that 
quartic curves may be divided into the following ten species, 
which are shown in the accompanying table.’ 


n Ò k m T l D 
I. 4 0 0 W@W 2385 24 3 
II. 4 1 0 10 16 18 2 
III. 4 0 l 9 10 16 2 
IV. 4 2 0 8 8 12 1 
V 4 1 1 7 4 10 Ji 
VI. 4 0 2 6 1 8 1 
W Il, 4, 3 0 6 4 6 0 
VIII. 4 2 1 5 2 4 0 
IX. 4, 1 2 4 1 2m C) 
K. 4 0 3 3 1 0 0 


From the preceding table it will be observed first that in the 
last four cases the curve is unicursal; secondly, that the tenth 
Species is the only one in which the quartic is of the third class ; 
whence a variety of theorems relating to tricuspidal quartics can 
be obtained by reciprocating the properties of nodal cubics. 
Thirdly, the ninth species is the only one of the fourth class, and 
is therefore the only species in which properties of one quartic 
can be derived from another by reciprocation. 
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cla’ 159. When the equation of a quartic is of the form u, + us 
lhe origin is a triple point, the three tangents at which are gi 
by the equation u, =0. Since this is a cubic in y/z, the tang 
are (i) all real and distinct, (11) one real and distinct and two 
and coincident, (iii) all real and coincident, (iv) one real and + 
imaginary. Hence there are four species of triple points; and 
shall now show that every triple point is formed by the simu 


neous union of three double points. 


Let A, B, C be three crunodes. When the nodes coincide, 
tangents at A and B to the branch AB coalesce into a sii 
tangent. Similarly the tangents at A and C to the branch: 
and those at B and C to the branch BC respectively coalesce 1 
two single tangents. Hence the three pairs of tangents at A 
and C coalesce into three single tangents at the point at wl 


A 
B qd 
C e © Aa . 
B 
I 2 3 


A A 
c S J 
5 6 7 8 


the three nodes ultimately coincide, and therefore this point 


triple point. The forms of the curve before and after union 
shown in figures 1 and 2. 


The second kind of triple point is composed of two crun 
and a cusp; and the forms of the curve before and after u 


are shown in figures 3 and 4. The triple point consists of a « 
which lies on the curve. 


The third kind of triple point is composed of two cusps al 
crunode ; and the forms of the curve are shown in figures 5 al 


The point scarcely differs in appearance from an ordinary point 
the curve, 7 


TACNODES. 103 


_ The fourth kind of triple point consists of two conjugate points 
nd a crunode. The forms of the curve are shown in figures 7 
nd 8, and the point does not differ in appearance from an ordi- 
ary point*. 

No quartic can have a triple point composed of three cusps; 
‘or if such a point existed, the quartic would belong to species X., 
and therefore its reciprocal polar would be a nodal cubic having 
bhree coincident points of inflexion ; but on referring to § 98 it 
vill be seen that the equation for k cannot have three roots equal 
to zero unless n vanishes, in which case the cubic breaks up into 
three straight lines. 


160. Since imaginary singularities occur in pairs, no cubic 
can have an imaginary node or cusp; but such singularities may 
secur in all curves of a higher degree than the third. We shall 
also see that, in addition to the triple point, certain other singu- 
larities exist which are formed by the union of two or more 
simple singularities. We shall therefore require the following 
additional definitions: 


(i) The simple singularities are four in number, viz. the node, 
the cusp, the double tangent and the stationary tangent. 


(ii) A compound singularity is one which is formed by the 
union of two or more simple singularities. Compound singularities 
are real, imaginary or complex, according as the simple singulari- 
ties of which they are composed are all real, all imaginary, or partly 
one and partly the other. 

In the case of an ordinary triple point, the three double points 
are supposed to move up simultaneously to coincidence ; but if 
two double points first move up to coincidence and the third one 
afterwards moves up to coincidence with the first two, we obtain 
certain singularities which are not triple points. These will now 
be considered. 


Tacnodes. 


161. A tacnode is formed by the union of two nodes. 
In the figure let the two nodes A and B coincide, whilst C 
remains stationary. The portion ADB, which lies on the side of 


* In the case of a quartic, the two conjugate points must lie outside the 
portion ABC, and must be so situated that no line can be drawn through either of 
them so as to cut the curve in more than two points. 
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AB remote from C, thereupon disappears, and the loop CAD 
touches the branch AB at the point at which A and B coinci 
The point A is therefore a tacnode, and the two figures show t 
forms of the curve just before and just after coincidence. Sit 
the line AB, which ultimately becomes the tangent at A, int 
sects the curve in two coincident points at A and B, the tange 


at a tacnode has a contact of the third order with the curve, ar 
therefore cannot intersect the quartic at any other point. A 
two double tangents can be drawn, each of which touches the lot 
CAB; and since they ultimately coincide with the tangent at. 
the tacnodal tangent is equivalent to two double tangents. Quart 
curves having tacnodes belong to species IV. VII. or VIII., and 
each species the number of ordinary double tangents is diminish 
by 2. | 

A singular point which is formed by the union of two co 
jugante points possesses all the properties of a tacnode, but it do 
not differ in appearance from an ordinary acnode. 


The point on the reciprocal curve which corresponds to 
tacnode is also a tacnode. 


The general equation of a quartic having a node at the orig 
O is u,+u,+u,=0. If the quartic has another node at a point 
whose coordinates are « =a, y =0, it follows that when y =0, t 
quartic must reduce to a?(27—a)?=0. Also when #=a, t 
resulting equation for y must have one pair of roots equal to ze 
Hence the general equation of the quartic must be 


Az (x — a) + 2Bry (x —a)(«—b) + Y? (Ug + Uy, + Uy) =0...... 1), 
and the equation of the tangents at the origin is 


AP + 2Babay + wy = 0.....0.s0cecsseen 2). 
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When the two nodes coincide, a = 0, and (1) becomes 


Aa + 2Baty (æ — b) + Y? (u + Uy + Up) =0 a.. (3), 
which is the general equation of a quartic having a tacnode at the 
origin and the axis of æ as the tacnodal tangent. The form of 


this equation shows that the axis of æ has a contact of the third 
order at the tacnode. 


The radius of curvature p at the origin is the limit of $a°/y, 
When æ and y vanish; whence putting #?=2py in (3), dividing 
out by ° and then putting «= y =0, we obtain 

4A p? — 4Bbp +u =0 


whence the two branches lie on the same or on opposite sides of 
the tacnodal tangent according as u,/A is positive or negative. 


Rhamphoid Cusps. 


162. A rhamphoid cusp is formed by the union of an ordinary 
cusp and a node. 


The figures show the forms of the curve just before and just 
after the node and the cusp coincide. It will be observed that 
the curve possesses one double and one stationary tangent, both 
of which ultimately coincide with the cuspidal tangent. Hence 


the latter counts once as a double and once as a stationary 
tangent. Quartic curves having rhamphoid cusps belong to 
Species V. VIII. or IX., and in each species the number of double 
and stationary tangents is diminished by 1. 


The reciprocal polar of a rhamphoid cusp is another rhamphoid 
cusp. 


From (2) it follows that the condition that the origin should 
be a cusp is that B’b?= Au,; whence by (3) the general equation 
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of a quartic having a rhamphoid cusp at the origin, and the ax 
of x as the cuspidal tangent, is 


(Aa? — Boy) + 2A Baty + Ay? (te + 1) = 0 (5), 


whilst (4) reduces to (2Ap — Bboy =0, which shows that be 
radii of curvature are equal to $.Bb/A. 


Oscnodes. 


163. An oscnode is formed by the union of a tacnode and 
node. 


At a tacnode two branches of a curve touch one another; 1 
however, the third node C in the figure to § 161 moves up 1 
coincidence with the tacnode A, the two branches will have 
contact of the second order and will therefore osculate one anothe 
Both branches will therefore have a common circle of curvature ¢ 
an oscnode. The forms of the curve before and after union ai 
shown in the figures. Quartic curves having oscnodes belong 


species VII., and have therefore four double tangents; but w 
have shown in § 161 that the tangent at a tacnode is equivale; 
to two double tangents, and it will be seen from the figure th 
the curve has one other double tangent which ultimately coincid 
with the osenodal tangent. Hence the latter is equivalent 1 
three double tangents, and there is consequently only one ordinal 
double tangent. The reciprocal polar of an osenode is also | 
oxcnode. 


To find the conditions for an oscnode, we observe that (1) 
the equation of a quartic having a node at the origin and at tl 
point C or (a, 0); we must therefore first find the equation whe 
the origin is a tacnode, freed from the condition that the axial of 
shall be the tacnodal tangent, and then make the node at C me 
up to coincidence with the origin. The following two conditio 
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must therefore be satisfied, (i) the two tangents at the origin 
Must coincide, (ii) the coincident tangent must have a contact of 
the third order with the curve. 


Equation (2) shows that the first condition requires that 
Bb = Aw, whence (1) may be written 


{Au (a — a= Boy}? + 2A Baty (x — a) + Ay? (u+) = 0.. (6), 
also by (2) the tangent at the origin is 


Ae Boy = 0 aa eee (7). 
Let- Us = aa? + 2Bay + yy? g 
ee 5, i a (8). 


To find where (7) intersects (6), substitute the value of y from 
(7), and it will be found that the resulting equation will reduce to 
æ= 0, provided 

U Ae — Aaf Bb =0 eena (9). 


Putting a = 0 in (6) and (9) and substituting the value of e from 
(9), (6) becomes 


(Aæ — Bboy + Bay? + y? (24Afy + Au, — Ba*)=0...... (10), 


which is the general equation of a quartic having an oscnode at 
the origin and the axis of x as the oscnodal tangent. 


Tacnode Cusps. 


= 164. A tacnode cusp is formed by the union of a tacnode and 
Q cusp. 


The figures show the forms of the curve just before and after 
coincidence. The curve belongs to species VIII, which has two 
double tangents; and since the tangent at a tacnode counts twice, 


paa 
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the curve cannot have any ordinary double tangent. The cur 
has four stationary tangents, one of which ultimately coincide 
with the cuspidal tangent, and consequently there are only thre 
ordinary stationary tangents. 

The reciprocal polar of a tacnode cusp is also a tacnode cusp. 

Equation (6) combined with (9) is the equation of a quart 
having a tacnode at the origin, and a double point C at æ= 
y=0. To obtain the condition that the origin should be a tacno 
cusp, we must first find the condition that C should be a cus 
To do this, transfer the origin to C, and pick out the terms í 
lowest dimensions, and it will be found that if x =x +a, tl 
tangents at C are given by the equation 


Atatr? + 2A Ba (a — b) s'y + y (Bb? + Aaa? + 2Aea) =0. 
The condition that the point C should be a cusp is that 


(B? — Aa)a = 2 (Bb + Ale) .. T (1198 
which by (9) gives 
; “ B— Aa=2A*/Bb....... (12). 


This equation determines the value of f. Substituting in (1¢ 


equation may be arranged in the form 
_ {Aa — Bby + Bry +4 (a — B'A) y? = Lay + Fy...... 
which is the general equation of a quartic having a tacnode cui 


at the origin, and the axis of x as the cuspidal tangent. 


165. Having explained the nature of the foregoing sing 
larities, we shall now find the trilinear equation of a curve havi 
one of these singularities at a vertex of the triangle of reference. 


Let a quartic have a pair of nodes at A and at a point D: 
the line AB; and let the equation of CD be la+mB=0. Th 
the equation of the quartic must be of the form 


8? (la + mB) + y (Eu, + aus + Us) = 0....0.. 0000 


where un is a binary quantic in £ and y; but since y? must 
factor when la + mB = 0, (14) must be of the form 


When D coincides with A, /=0, and (15) becomes 
m'B* + mfy (ha + uB) +y? (va? + av, +v) =0...... 16) 


7 -a a 
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which is the general equation of a quartic having a tacnode at A 
and the line y =0 as the tacnodal tangent. 


The condition that A should be a rhamphoid cusp is obtained 
from (15) by making A a cusp. This requires that v= Ae 
whence putting /=0, the required equation is 

(MB? + ray)? + 2mpB y + y (ay, +v) =0 oenn, (iF). 


By proceeding in the same way as in § 163, it can be shown 
that the equation of a quartic having an osenode at A is 


(mB? + ray + uBYF +9? (qay + v= nnn. (18), 
‘whilst the equation of a quartic having a tacnode cusp at A is 
(mB? + rary + upy + ky’)? + EBP + Fo =0......... (19). 


166. A flecnode is a node, one of the tangents at which is a 
stationary tangent. 


Since the flecnodal tangent has a contact of the second order 
with the branch which it touches, and cuts the other branch which 
passes through the node, every flecnodal tangent has a contact of 
the third order with the curve. 


A biflecnode is a node at which both the tangents are stationary 
ones. 


The lemniscate (a + yY = a? (a — y*) has a real biflecnode at 
the origin ; and we shall prove hereafter that it has two imaginary 
biflecnodes at the circular points at infinity. 


Flecnodes and biflecnodes may be real, imaginary or complex ; 
but the only complex singularity of this kind is formed by a 
conjugate point and one or two imaginary stationary tangents. 


The reciprocal polar of a flecnode is a double tangent which 
has a contact of the first order at one point of the reciprocal curve 
and touches it at a cusp at the other; and the reciprocal polar of 
a biflecnode is a pair of cusps having a common cuspidal tangent. 


Curves of a higher degree than the fourth may have multiple 
flecnodes, consisting of multiple points, the tangents at which have 
contacts of higher orders than the second with their respective 
branches. Thus if a curve of the nth degree has a multiple point 
of order k, each tangent may have a contact of order n — k or of 
any lower order with its respective branch. 
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167. In § 20 a point of wndulation was defined as a 
where the tangent has a contact of the third order with the c 
This definition must be understood to mean that the tangent h 
a contact of the above order at a point which is not one of th 
preceding singularities. It will be shown in § 180 that tl 
reciprocal singularity is a triple pomt composed of a node 
a pair of cusps. 


On curves of the nth degree points exist where the tange 
has a contact of any order which is not higher than the (n — 1)t 
Also multiple tangents may exist, which have contacts of orde 
r,s, t, &c., at different points, where these quantities may have aa 
integral values subject to the condition that 


em Leo + 1 etal ee 


is not greater than the degree of the curve. 


Flecnodes and Biflecnodes. 


168. We shall now proceed to discuss the properties i 
flecnodes and biflecnodes of a quartic, but the following prelim 
nary proposition will be useful. 


The curve which is the locus of points, whose (n—r)th pola 
break up into a straight line and a curve of degree r—1, pass 
through every point on a curve where the tangent has a contact | 
the rth order. 


The equation of a curve which passes through the vertex A ¢ 
the triangle of reference is 


WATI + yg? +... Un =O oaan e (1). 


Now u, is the tangent at A, and if this tangent has a contact « 
the rth order with the curve, u, must be a factor of all the ws 1 
to u,; whence (1) becomes 


Uy (W2! + YQ" +... OR OF eee Un = Q. 


The (n—r)th polar of A is d"-"F/da"-", which breaks up into tk 
tangent at A and a curve of degree r —1, which proves the prop 
sition. In the case of a quartic, the proposition becomes: 7 
locus of points, whose polar cubics break up into a conic and 
straight line, passes through every point where the tangent has 
contact of the third order with the quartic. 


EEE SSSS'SSF 
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The equation of a quartic having a flecnode at A is 


OU AUD F Uy = Oiceccccccccccccccecs (2), 


whilst if A is a biflecnode, the equation is 
Oy ae OUV F Ua "On......eseceeeseuee (3). 
169. A quartic cannot have more than two flecnodes. 


The equation of a trinodal quartic whose nodes are A, B and 
C cannot contain any powers of a, 8, y higher than the second, 
and must therefore be a ternary quadric in 1/a, 1/8, 1/y. Hence 
the required equation is 


AE + uya + var B+ aBy (la+ mB+ny)=0 ...... (4). 
If B and C are flecnodes, the coefficients of 8 and §? must 
have a common linear factor, and similarly for the coefficients of 


yand y?; whence the equation of a trinodal quartic having flec- 
nodes at B and C may be written in the form 


neg Be + prep +q) + Mpa’? 
+ aB8y {lat+in(p+q)B8+ny} =9......(5). 
The condition that A should be a flecnode is that the coeffi- 
cient of a should be a factor of that of a? This requires that 
p= 4, in which case the quartic becomes a perfect square. 


The condition that A should be a cusp is that p +q = t 2p. 
The upper sign must be rejected for the reason stated above ; 
taking the lower sign and changing the constants, (5) may be 


written 
2 An 
($467) = (x42) a A (6), 
e E y a\a y 


which is the equation of a quartic having a cusp at A and a pair 
of flecnodes at B and C. 


170. If a trinodal quartic has two biflecnodes, the third node 
must also be a biflecnode. Also two of the biflecnodes must be real 
and the third one complex ; or two must be imaginary and the third 
real. 

It follows from (3) and (4) that if B and C are biflecnodes 
the equation of the quartic must be 


AJE + pE + oP Deene (7), 
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which shows that A must be a bifleenode. In order that th 
quartic may be real, it is necessary that the sign of one of th 
constants should be different from those of the.other two; when 
writing —v for v, it follows that if à, p, v are all positive, tł 
nodal tangents at A and B are real, whilst those at C are imag 
nary. 
To prove the second part, let u, v, w be any real or imaginar 
straight lines forming a triangle; and consider the quartic 
AVW + p WU + vu =O .......eseeeeesees (8). 


Let u=a, v=ĝß +ıky, w=B -— ky, 
2p =p p+, w =p- u, 
then (8) becomes 
A (B + KY + a? (wB? — 2hv By — pk) =0 ...... (9) 


Equation (9) represents a quartic having a real biflecnode 2 
A and two imaginary ones at the points where a intersect 
v and w. 


To find what (9) becomes when the imaginary biflecnodes ar 
the circular points at infinity, let A be the origin of a pair ¢ 
rectangular axes; then since the lines joining A to the circula 
points are z + cy = 0, we must put 


B=a, y=y, kl cae 
in (9), which becomes 
A(a?+ P+ T? [u (a — y?) — 2vay} = 0, 
or r = a cos 206, 
which is the lemniscate of Bernoulli. 
171. We shall now prove that a biflecnode possesses a variet 


of harmonic properties analogous to those possessed by a point o 
inflexion on a cubic. 


From (3) it follows that the polar cubic of A is 
Uy (2av, + v) = 0, 


and therefore consists of the bifleenodal tangents and the lin 
2av,+,=0. This line, for reasons which will appear in the nex 
section, 18 called the harmonic polar of the biflecnode. 
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172. Every line through a biflecnode is divided harmonically 
by the curve and the harmonic polar. 


Let BC be the harmonic polar; then y, =0 and the equation 
of the quartic becomes 
ga tg 0 rer E eee resi vaste (10). 


Let 8 = ky be any line through A; then its points of intersec- 
tion with (10) are given by 
att + yu, = 0, 
where u,, U, are what uz, u, become when 8=k, y=1. Hence 
af + a/y,= 0, 
from which it follows from § 100 that: the line is divided harmoni- 
‘cally by the curve and the harmonic polar. 
© 173. If two straight lines be drawn from a biflecnode to meet 
: æ quartic in four points, and their extremities be joined directly 
and transversely, the points of intersection will lie on the harmonic 
polar. 


Let the equation of the quartic be 
TE ee | an GL), 
where Ug = (l, M, n? ýp, y), 
Ug = (3, N, By Ke; v ýp, yy 

so that BC is the harmonic polar of the biflecnode A. 

Let AB, AC be any two lines through A cutting the quartic 
in P, Q and p, q respectively; then putting y=0 in (11), the 
coordinates of P and Q are given by 


ETE RG a e a (12) 
Putting 8 = 0 in (11), the coordinates of p and q are given by 
a E aisibsjuie aoe os aniesiegiersat (13). 


Let the upper signs refer to the points P, p and the lower to 
the points Q, q; then the equations of Pp and Qg are 
n (la — XB) — lvy = 0, 
n (la + XB) + lvy = 9, 
Which obviously intersect on the line BC. In the same way the 
equations of Pq and Qp can be shown to be 
n (la — AB) + lvy = 9, 
n (la +2) — lvy = 0, 
which also intersect on BC. 
B. C, 8 
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If AB and AC coincide, we obtain the theorem that :—Ta 
gents at the extremities of any chord through a biflecnode inters 
on the harmonic polar. : = 


174. The harmonic polar passes through every double point ; 

a quartic. 

In addition to a bifleenode, a quartic may have two oth 

double points; we shall therefore suppose that B is a doub 

point, in which case the terms involving £ and 6* must be absen 
whence in (3) | 
Uy = 9702 

and Ug = Yth, or UV, = Ny. 

This value of u is inadmissible, since it would make tl 

quartic break up into a cubic and a straight line; hence vn =A 

and the harmonic polar is 2av, + Ny = 0, which passes through $ 


175. Any line through a double point is divided harmonica 
by the quartic and the polar cubic. 


If A be the double point, the quartic is obtained by putti 
u, = 0, n = 4 in (1), and the polar cubic is 


Zau 4+ Us == 0 0500080 00 © 6 410) so slesi nT (14), 


sé 


which shows that A is a double point on the cubic. If 8 = ky 
any chord through A, its points of intersection with the quar 
are given by 
ary’ + ayus + yu,’ = 0, 
AA 
Yı Ya Ug 
The point of intersection of the chord with the polar cubi 
given by 


whence 


whence 


which shows that the chord is harmonically divided. This pre 
sition i8 true when the chord is drawn through any compo! 
singularity which involves a double point. 
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Points of Inflexion. 


176. It appears from § 158 that an anautotomic quartic 
cannot have more than twenty-four points of inflexion. We shall 
now prove that the maximum number of real points of inflexion is 


eight. 


Let O be a node on a curve; then it follows from §§ 46 and 85 
(i) that O is a node on the Hessian, (ii) that the nodal tangents 
at O are common to the curve and its Hessian, (iii) that the curve 
and its Hessian intersect in six coincident points at O. Hence 
each nodal tangent is equivalent to three stationary tangents. 


If O is a conjugate point, all six tangents are imaginary ; 
hence a conjugate point reduces the number of imaginary points 
of inflexion by six. 


If O is a real cusp, the curve and its Hessian intersect in 
eight coincident points at O; hence the cuspidal tangent is 
equivalent to six imaginary and two real stationary tangents. It 
therefore follows that a cusp reduces the number of imaginary 
points of inflexion by six and the number of real ones by two. 


If the cusp becomes a crunode, two of the imaginary stationary 
tangents move away to some other points on the curve, and each 
nodal tangent is equivalent to one real and two imaginary 
stationary tangents. Hence a crunode reduces the number of 
Imaginary points of inflexion by four and the number of real ones 
by two. 


If a node or a cusp is imaginary, all the tangents are imagi- 
Mary; but since imaginary singularities occur in pairs, it follows 
that a pair of imaginary nodes or cusps reduces the number of 
imaginary points of inflexion by twelve and sixteen respectively. 


177. To prove that a quartic cannot have more than eight real 
points of inflexion. 

We have already shown that a crunode reduces the number of 
real points of inflexion by two; hence a real bifleenode reduces 
the number by four. Now if it were possible for a quartic to have 
ten real points of inflexion, the fourteen constants could be deter- 
mined so that the points A and B should be real biflecnodes, and 
the point C a real crunode; but we have shown in § 170 that this 

8—2 
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cannot be done, for if a trinodal quartic has two real biflecno 
the third node must be a complex bifleenode composed of a c 
jugate point and two imaginary stationary tangents. Hence 
quartic cannot have more than eight real points of inflexion. 


Points of Undulation. 


178. We shall commence the consideration of points of unc 
lation by proving the following two theorems. 


- 


If the tangent at any point of a curve has a contact of order 
the tangent is equivalent to r — 1 stationary tangents. 


Let the axis of x have a contact of order r with the curve 
the origin; then the equation of the curve must be of the form 


y (1 + Ba + Cy +... Un) ++ (a + bat cy +... Una) = 9; 
where un, Yn are binary quantics in æ and y. 


A first approximation shows that the form of the curve in | 
neighbourhood of the origin is y+aa’t!=0; whilst a sec 
approximation gives 

y+ ar {at (b— B)a} =0, 
whence 


-H =r(r+ 1) a {a + (b — B) a} +2(r+1) a (b— B). 


If there is a point of inflexion at a point Q in the neighbo 
hood of the origin, the abscissa of Q will be given by the equat 
d°y/da* = 0, and is therefore 

ar 


~~ (r+ 2)(b—B)’ 


When Q moves up to coincidence with the origin, a = 0, : 
consequently when y = 0, the equation of the curve reduces to 
a+ (Dy + Po + «2. Para 8") = 0, 

which shows that the axis of æ has a contact of order r +1 at 1 
origin. 
The preceding theorem shows that every point of undula 

1s formed by the union of two points of inflexion; and also, 
combination with § 177, shows that a quartic cannot have m 


than twelve points of undulation, and that not more than foui 
these points can be real. 
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179. Every quartic may be expressed in the form S? = wvut, 
where S is a conic, and u, v, w, t are straight lines. 


The general equation of a quartic may be written in the form 
of a ternary quadric in U, V, W, where these quantities equated 
to zero represent three conics. The simplest way of proving this 
is to recollect that every ternary quadric can be expressed as the 
sum of three squares by means of a linear transformation. The 
quartic can accordingly be expressed in the form 


1U?+mV2+nW?=0, 


and if the terms be multiplied out it will be found that the 
equation contains fourteen independent constants. It also follows 
that any form of the equation of a conic in trilinear coordinates 
will represent a quartic if U, V, W be substituted for a, 8, y. 


Every quartic may be regarded as the envelope of the conic 
XU +2AV + W=0, where à is a variable parameter; for the 
envelope is the quartic V? = UW, which by the last paragraph is 
one of the forms to which every quartic may be reduced. 


The equation V?= UW is equivalent to the equation 
frywU+ (r+ pm) V+ Wi}? =(WU +220 + W) (WU + QV + W), 


where à and p are arbitrary constants, as can at once be seen by 
multiplying out. The left-hand side is the square of a conic, and 
by determining A and u so that the discriminants of the two 
factors on the right-hand side vanish, the latter may be reduced 
to four linear factors. Hence any quartic may be reduced to the 
form S? = uvut, where S is a conic and u, v, w, tare four straight 
lines. This form is due to Pliicker, and furnishes a means of 
determining the double tangents to a quartic. 


180. We have shown in the last article that every quartic 
may be written in the form 


S24 uvwt =O .ccerecseeeeeees Dar Ma (I): 


The four straight lines u, v, w, t obviously touch the quartic at 
the eight points where the conic cuts it, and are therefore double 
tangents to the quartic. If, however, u, v, W, t touch S, the 
points of contact will be points of undulation on the quartic, and 
they may be all real, all imaginary, or two real and two imaginary. 
From this it follows that every tangent at a point of undulation 1s 
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equivalent to one double tangent; but we have shown in § 1 
that it is also equivalent to two stationary tangents, whence t 
reciprocal singularity is a triple point composed of a node an 
pair of cusps. | 
181. Let (1) be written in the form 


aSyut K=O ........+++seee 2). 


where 
S= Pa? + mi? + ny? — 2mnBy — 2nlya — 2ZmaB...... 


UDAAT MEH VY seesesereraene. A), 
LA + mju tnp =O 0. recveeecescreeeeeees 5), 


then the conic S touches the quadrilateral a, 8, y, u at four r 
points which are real points of undulation on the quartic. 


H 


B C D K 


In the figure, ABC is the triangle of reference; HK 1s 1 
line u = 0, and D, E, F, G are the four points of undulation. 1 
coordinates of G are obtained by solving the equations S=0, u: 
and are determined by 


Nail = pBh yf aa A 

whilst the equation of DG is 
m- n i 
ane =| T Omer A E ray 


We notice that the three straight lines AD, BE, CF meet 
the point la = m8 =ny. Also four triangles can be formed 1 
taking any three of the four straight lines AB, BC, CA, HK, a 
any of these triangles may be taken as the triangle of referen 
We thus obtain the following theorem :— 


If a triangle be formed by the tangents at any three real pot 
of undulation, the lines joining the vertices of the triangle with i 
points of contact of the opposite sides meet at a point. 


ic 
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182. By a rearrangement of terms (2) can be written 


where EF = la — mf — ny, so that EF =0 is the equation of EF, 
and J 
>, = 8mm EF? — 16 MRBy — at osese. (9). 

The form of (8) shows that the conic 2, has a contact of the 
third order with the quartic at two points Æ,, F, which lie on 
EF; but these points will not necessarily be points of undulation, 
since the only condition that has been imposed is that the quartic 
should have four real points of undulation, and if the quartic is to 
have more than four such points a further relation between the 
constants is necessary. The required condition is that the dis- 
criminant of >, should vanish, in which case the conic breaks up 
into two straight lines which touch the quartic at two more 
points of undulation. 


The conic >,, when written out at full length, becomes 
(82mn — A) a? + Smn (mR? + ny’) 

— (16lmn? + v) ya — (16lm’n + p) a8 = 0...... (10), 
but it will be more convenient to consider the discriminant of the 
conic 

(20k — N) a? + 2k (mp? + nèg?) — (Amnk — h*) By 
— (4nlk + v) ya — (4lmk +p) a8 = 0...... (11), 
which reduces to (10) when k = 4mn. 


The discriminant of (11), when equated to zero, leads to a 
quintic equation which contains k as a factor. The quartic factor 


‘is resolvable into two quadratic factors which furnish the equa- 


tions 
ke — 8kmn + py [DN =O... ceererceceeeeeeees (112) 
ke — 8kmn — knf + pof =O eee (13). 
Since k = 4unn, it follows from the first equation that 
IGM = B/D ooseeseeeroesereereeese (14), 
which in combination with (5) reduces (10) to 
m? (xa + YI + 0? (Na+ vyp e5 o (15). 


If this result were admissible, (15) would represent a pair of 
imaginary straight lines touching the quartic at a pair of imagl- 
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nary points of undulation which lie on HF; but since these lini 
intersect at the real point 


= 


— Ma = up = vy, 


which by virtue of (5) lies on ÆF, this result is impossible ; henc 
the relation (14) between the constants is inadmissible, and v 
must therefore consider the second equation (18). 


Writing k = 4mn, (13) becomes 


i= p 
4Xmn — 4mn + 912 eeaeeeeeecseseereeeres (16), 
which by (5) may be expressed in the form 


llm n? _m nt 


us p Fop ttteteeeeeeeeeasenes (17). 
Now (10) may be written in the form 
(!- = ) a+ mB? + ny? — 2 (0+ = )n a 
Smn I6mnè/ Y 
S = = . 
2 (1+ Aa) a8 = 0n: (18), 


also by means of (16), (18) and (5) it can be shown that 


x 2 2 
P- =N! om) ( lean) 
8mn t Ta + l Tet d 


accordingly (18) reduces to 


{( tia) a— mal + fı + emë) i= my} =0 ...(19), 


which is the equation of a pair of imaginary straight lines toucl 
ns the quartic at two imaginary points of undulation whic 
ie on EF. l 


183. The equation of the conic S may be written in either o 
the forms 


S= LF? — 4imnBy, 
or S = DŒ + 4mndau/pv, 
and consequently (2) may be written in the form 


aud, + DG‘ = 0, 
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where 
m? n? Vv 
=f. | Ra? 2Q2 202 9 Se 
Ze Cats) oP + mB + ni? + 2 (ae mn) By 
NA IMEN 
ae ya+—— a8 =0 a (20). 


Equation (20) will break up into two straight lines if the 
coefficient of By vanishes; but we have shown that this relation 
between the constants is inadmissible. We shall therefore prove 
that either of the equivalent equations (16) or (17) resolves (20) 
into the product of two linear factors. 


Equation (16) reduces the coefficient of By to }A/?, from 
which it can easily be shown that (20) may be expressed in the 
form 


(S at mB + gr yes +n AV ras 
m sEm 7 Pau Snu 7) oo 


which represents a pair of imaginary straight lines touching the 
quartic at two points of undulation which lie on DG. 


184. It thus appears that when the constants are connected 
together by the relation (17), the quartic has four imaginary 
points of undulation which lie in pairs on the lines EF and DG 
respectively. In the same way if 

lom P m 
M A? a pe 


the quartic will have four more imaginary points of undulation 
lying in pairs upon DE and FG. The coordinates of the eight 
imaginary points can therefore be found. 

Equations (17) and (21) require that lJ/A+ njv = 0. If we 
take the upper sign it follows from (5) that m=0, which is 
inadmissible. We must therefore take the lower sign, and we 
obtain from (5) 

21/r = 2n/v = — mfu, 
which by (17) and (21) give 
32l’mn =—5r, 16lmn=5yu, 32lmn?=— dy, 
which determine A, y, v. 


185. The above arrangement of points of undulation is not 
the only possible one; for the equation 


liat + mihi — n'y = 0 
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represents a quartic having a pair of real and a pair of imagin 
points of undulation on BC and AC, and four imaginary points 
AB. Also the equation > 


aBy (Aa + up + vy) = (la + mB + ny) 
represents a quartic having four real points of undulation on t 
line (l, m, n). 


Double Tangents. 


186. We have shown in § 180 that 
aByu + P=... neoon (1) 


is the equation of a quartic, four of whose double tangents are t 
lines a, 8, y, u; and that the points of contact are the intersi 
tions of these lines with the conic S. Let 


then E = 0 is the equation of another conic which passes throu 
the four points of contact of the double tangents 8 and y with t 
quartic. Substituting from (2), (1) may be written 


Bry (au — 2bS — pyy + 32=0 sseceesesenen (3). 


Since the terms in k cancel one another when the quartic 
written out at full length, k may have any value we please; 
therefore k be determined so that the discriminant of the conic 
brackets vanishes, the latter will be the product of two line 
factors vw, and (3) becomes 


Byow + = 0.............05 (4) 
We therefore obtain the theorem :— 


A conic can be drawn through the eight points of contact of a 
four double tangents to a quartic. 


The discriminant of the conic when equated to zero furnish 
a quintic equation for k which involves k as a factor. The sol 
tion k= 0 reproduces the conic S, whilst the four roots of t 
quartic factor furnish four conics of the type =. Since each 
these five conics passes through the four points of contact of t 
double tangents £ and y, it follows that :— 


Through the four points of contact of any two double tange 
five conics can be described, each of which passes through the f 
points of contact of two other double tangents. 
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From the table in § 158, it will be seen that all quartics 
having two double points, except binodal quartics, cannot have 
more than four double tangents. Hence the points of contact of 
the double tangents to all quartics, other than those of the first 
four species, lie on a conic. 


The system of conics which can be drawn through the eight 
points of contact of any four double tangents has been discussed 
by the authorities cited below *. 


187. We have shown in § 180 that every tangent at a point 
of undulation is equivalent to one double and two stationary 
tangents; hence every anautotomic quartic which has four points 
of undulation has twenty-four double and sixteen stationary 
tangents. To find the equations of the former, we must take S 
as the conic inscribed in the triangle of reference, aud make the 
discriminant of au — 2kS — k?@y equal to zero. 


The condition for this is that k should be one of the roots of 
(12) or (13) of § 182. Let 


p=4mn, =m, P=(p-@; 


then the roots of (12) are 
apt le. 


Taking the upper sign, and using (5) of § 181, the conic can 
be reduced to 


2 a 
é 4 L 4- =) A2a? + mp? is ny? ne 4 PRY 
ovr a PAs 2m? =| 
m 2 + — =, 
+( v saa H t% a 
which splits up into the factors 


m n nry 
—+(P tł zla + + (P+) — =0. 
[S Printe PD 


If pv/d is positive «q is imaginary, and the double tangents 
are imaginary; but if wv/A is negative, the double tangents are 
real. 

The equations of the remaining double tangents can be found 


in a similar manner. 


* Salmon, Higher Plane Curves, Chap. vi.; Hesse, Crelle, Vol. XLIX. p. 243 ; 
Cayley, Crelle, LXVIII. p. 176 and Collected Papers, Vol. vit. p. 123; Geiser, Math. 
Ann. Vol. 1. p. 129 ; Aronhold, Berlin. Monatsberichte, 1864, p. 499. 
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Singularities at Infinity. 


188. When a quartic has a singularity at infinity, the equ 
tion of the curve may be found in the manner explained in § ¢ 
and we shall proceed to find the Cartesian equation when t 
singularity lies on the axis of x. To do this we take a triangle 
reference whose angle B is a right angle, and suppose the sing 
larity at A. We then take BA and BC as the axes of æ and 
and transform the trilinear equations given in § 165 and 168 1 

uttin 
J a=a, BP=l, y=y, 
for since 8 becomes the line at infinity, we may without loss 
generality suppose it equal to unity. The equations are then 
follows, where Un, Vn denote polynomials in y of degree n. 


Tacnode. 
m? + 2my (Ax + pw) + y? (Vor? + 2V, + V) =0. 
Rhamphoid-cusp. 
(m+ Axy)? + 2muy +y’ (eV, + V2) =0. 
Oscnode. 


(m + ray + py)? + y? (qzy + Vz) = 0. 
Tacnode-cusp. | 
(m + rxy + py + ky) + Ey’ + Fy = 0. 
Flecnode. 
æU, Vi +U, V,+ U, = 0. 
Biflecnode. 
ÆU, +U, V, + U, = 0. 
Triple point. 
xU, s OF = 0. 
Point of undulation. 
YS, + (ay + Ay? + 2By + CY =0, 
where S, = 0 is the equation of any cubic curve, and the axis of 


is the tangent at the point of undulation. 


With the exception of the flecnode, biflecnode and point | 
undulation, a quartic curve cannot have more than one singulari 
“5 -s preceding character. Hence the discussion of curves havin 
a pair of imaginary singularities of the latter kind at the circul 
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points at infinity belongs to the theory of curves of a higher 
degree than the fourth. Quartic curves having nodes or cusps at 
the circular points will be considered in the next chapter, whilst 
the investigation of the equations of quartics having imaginary 
points of inflexion or undulation at the circular points may be 
left to the reader. 


189. We have shown in § 79 and 80 that if a curve of class 
m has a pair of nodes at the circular points, and in addition has § 
nodes and « cusps, the curve has two double foci and m + 28 + 3« —4 
single foci, which may however for certain values of the con- 
stants coalesce into one or more multiple foci. If however the 
curve has a pair of flecnodes at the circular points, the point of 
intersection of the two inflexional tangents will be a triple focus, 
and consequently the curve will have m+ 28 + 3x — 5 single foci, 
one triple and one double focus. And if the circular points are 
biflecnodes, the curve will have m + 26+ 3« — 6 single foci and two 
triple foci. We shall hereafter show that the Cassinian, for which 
m= 8, 5=0,«=0, has a pair of triple foci and a pair of single 
foci; whilst the lemniscate, which is a particular case of the 
Cassinian, for which m= 6, 5=1, « =0, has a pair of triple foci 
and a double focus at the real bifleenode which is formed by the 
union of the two single foci of the Cassinian. 


Binodal Quartics*. 
190. The general equation of a binodal quartic whose nodes 
are B and C is 
au + AB + pE ER + aBryy = 0 .....-- (1), 
where u = L'a + MB + Ny, 
v= la+ m + ny. 


* The theory of anautotomic quartics has been considered by Zeuthen in a 
series of memoirs published in the Mathematische Annalen, where a variety of 
papers by Brill, Klein and other German mathematicians bearing on the subject 
will be found. - Uninodal quartics have been discussed by W. R. W. Roberts, 
Proc. Lond. Math. Soc. Vol. xxv. pp. 151—172; and unicuspidal quartics by H. W. 
Richmond, Quart. Journ. Vol. xxvit. p. 5. Reference may also be made to The 
Forms of Plane Quartic Curves by Miss Gentry, published by Robert Drummond of 
New York; to the Index of Papers, Proc. Lond. Math. Soc. Vol. xxx.; to Prof. 
Cayley’s Collected Papers; and to the papers of H. M. Jeffrey in the Quarterly 
Journal. 
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Let the lines 8 and y be chosen so that they are two of 1 
tangents to the quartic from the nodes B and C; then 
N=2Lyp, M =2Lr, 
and (1) becomes 
Læ (La + 2vB + 2uy) +N RY + pre + vap? + aByu = 0...(2). 
The equation of the line joining the points of contact of B a 
y with the quartic is 
La+vB + py = 9, 
and (2) may be written in the form 


[ABy + a(La+ vB + ny)? 
4 aPy |(L— 2D — 2pv) a + (m — Qwr) B + (n — 2y) y} =0...(3). 
The form of this equation shows that 
(L— 2L0 — 2pv)a+ (m— vr) B+(n— 2p) y=0 ...... 


is one of the double tangents; also since (2) is unaltered wh 
the sign of à is changed, another double tangent is 


(L+ 2D — 2pv)a+(m-+ 2vr) B+ (n+ 2p) y = 0...... (5). 
Equation (2) also remains unaltered when the signs of L, p, 
are changed; but this would merely reproduce equations (4) a 
(5). 

Since (3) is of the form S?+ uvwt = 0, the remaining six douk 
tangents can be found by the method explained in § 180. 
however the quartic has a cusp at B, m= + 2dv; taking the upg 
sign, it follows that (4) is not a double tangent, but one of t 
tangents drawn from the cusp; and the double tangents consist 
(5) and three others. If C is also a cusp, n = 2Ap, and the on 
double tangent is given by (5). 


Trinodal Quartics. 


191. Every trinodal quartic has four double tangents, whic 
will however be reduced in number if any of the nodes beco 
cusps; also since the curve is of the sixth class, only two tangel 
can be drawn from a node to the curve. The bitangential cur 
is obviously a conic. 


To find the equations of the four double tangents and of i 
bitangential conic*. 


* H. M. Taylor, Proc. Lond. Math. Soc. Vol. XXVII. p. 316. 
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Let the nodes be situated at the angular points of the triangle 
of reference ; then the equation of the quartic is 


AE + py + vB? + ay (la + mB + ny)=0...... (1) 
which may be written in the form 


(ABy + mye t+ vap? + 2aBry {(l— pv) a+ (m— vr) B+ (n—ru)y} =0 


2 


which shows that the line 
(l—uvja+(m— rA) B + (n—Ap)y =0 oa. (3) 


is a double tangent. 


Since (1) remains unaltered when the sign of any one of the 
quantities A, u, v is changed, we obtain the equations of the three 
Other double tangents by writing — A, — p, — v respectively for 
A, y, v in (3). 

The equation of the conic passing through the eight points of 
contact of the double tangents can be shown to be 


(la + mB + ny)? pro — NB NRE O... (4), 


for if we multiply the equations of the four double tangents 
together and subtract the square of (4), it will be found that the 
resulting equation reduces to (1). 

When the quartic has three biflecnodes, l =m =n =0, and the 
conic (4) is self-conjugate to the triangle formed by joining the 
three nodes; and when the quartic is tricuspidal, the coefficients 
of œ, 6%, y? vanish, and (4) becomes a conic circumscribing the 

triangle in question. : 


192. We shall add a few miscellaneous propositions concern- 
ing trinodal quartics. 


The six nodal tangents to a trinodal quartic touch a conte. 


From (1) it appears that the equation of the nodal tangents 


at A is 
V?B? py HUBy =O .rceeseeereeeeeeeeres (5), 


which may be written in the form 
(mê + fy) (8 + Soy) = 0, 


ae aH. aby oe eee cccrcesessonces (6). 
NN V 7 a 


where 
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The tangential equation of a conic 18 
PE + Qn? + RO + 2pnk + 296E + 2réy=0......... (7) 

where (£, 7, ¢) are tangential coordinates. To find the conditi 
that (5) should touch (7), put § = 0, and (7) becomes 


Qn? + RO + 2pnt = 0, 
whence ee a o 
M Ne . i. 
by (6). Hence if we take 
P =Q =R=- p[l=—q/m=—r/n, 
the conic (7) becomes 
NME pn +E lE — 2mEE — nén =0......... (8), 
which is the equation of a conic touching the six nodal tanger 
By § 71 equation (8) when expressed in trilinear coordina 
becomes 
(uv? — P) aè + (VA? — mt) B+ (N= n) 
+2 (mn +l) By + 2 (nl + pm) ya + 2 (lm + vn) aB = 0...(9). 
Equation (9) may also be expressed in the form 
VBP + pry? + UB + ke (ur? — L) a + (m+v'n) B+(In+ wm) y= 
where 
kè (Mpa? — PN — mp? — n’ — 2lmn) = 1, 


which shows that the term in brackets is the chord of conta 
The equations of the other chords of contact can be obtained in 
similar manner. 


When the nodes are biflecnodes, /=m=n=0; and the cor 
is self-conjugate to the nodal triangle, and becomes identic 
with (4). 


When the three double points are cusps, l = uv &c., and t 
coefficients of a*, 6, y? vanish. This requires that Al = mn ox 
whence the curve becomes 


Byll + ya/m + aB/n = 0, 


which represents a conic circumscribing the nodal triangle. 
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193. From each node of a trinodal quartic two tangents can be 
drawn to the curve, and these six tangents touch a conic. 


Let 8 = ky be one of the tangents drawn to the quartic from 
the node A. Substitute in (1), divide out by and express the 
condition that the resulting quadratic in a/y should have equal 
roots; this gives a quadratic equation for k, and on substituting 
B/y for k we obtain 


(are — m?) B+ 2 (Id? — mn) Bry + (Ay! — nt) 92 =, 
which is the equation of the two tangents drawn from the node A. 
Let o= pit, mN, =N 722; 
then proceeding as in § 192 we shall find that the tangential 
equation of the conic which touches the six tangents is 
OTE + O0? + 010,67 + 20, (mn — Lr?) nF 
+ 2o, (nl — mp?) EE + 20; (lm — nv”) En = 0, 
and the trilinear equation is 
NE + o2u?B? + ory + 2lo.0,;By + 2mo,c;ya+ 2nc,c,08 = 0. 


194. The following additional properties of trinodal quartics 
may be mentioned *. 


(i) The six points of inflexion lie on a conic. 
(ii) The six points of contact of the tangents drawn from the 
nodes lie on a second conic. 


(iii) The six points in which the nodal tangents intersect the 
quartic lie on a third conic. 


(iv) The three conics pass through two points P and Q on the 
quartic, which lie on the conic 
NIBYy + mya + rnap = 0. 
We shall prove the third theorem as an example of the mode 
of dealing with such questions. 


If in (1) we choose three new coordinates a’, 8’, y such that 
ali = a', &c., and then change the constants J, m, n; the equation 
of a trinodal quartic may be written in the form 


a (B? + of? + LBY) + By (By +a (m8 + ny)} =0, 


* Brill, Math. Annalen, Vol. x11. p. 90; xim. p. 175; F. Meyer, Apolarität und 
Rationale Curven, pp. 283—7. 
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which shows that the nodal tangents at A, whose equation is 


a -+ y? + [By = Qe se eeeeeeeeeceees (10) 


intersect the quartic at the two points D, D’ where it is cut 


the conic F. 
By +a(mB + my) =O tee (11) 


This conic circumscribes the triangle of reference, and the 
fore passes through the three nodes which make up the remaini 
six points of intersection of the conic and the quartic. 


From (10) and (11) it can be shown that the equation ofi 
line DD" is 
ka+ B/m+y/n=0 noaa (12) 

where ke, = m/n + n/m — boo... c00ec ese (1 3) 


By cyclical interchanges of the letters (a, 8, y) and (l, m, 
the corresponding results for the nodal tangents at B and O ¢ 
the corresponding points of intersection #, E’ and F, F’ can 
obtained. 


The equation of the quartic may also be written in the fort 


(B* + 9° + [By)(y? + a? + mya) — y {y + By + mya + (lm — n) a} 
ee (14 
the first term of which is the product of the equations of 


nodal tangents at A and B. The form of (14) shows that 
conic 


Y + [By + mya + (lm 1) aB=0 oseere: (15) 
passes through the points of intersection D, D’ and Æ, E’ of 
nodal tangents at A and B respectively ; accordingly we obi 
the following theorem :— 


A conic can be described through any two nodes of a trino 


quartic and the four points at which the tangents at these m 
intersect the quartic. 


Let S =(P, Q, R, P,Q, Ria Brp =o vce (1 


be the equation of the proposed conic which is assumed to 
through the six points D, D'; E, E’; P, F’ in which the f 
tangents at A, B and C intersect the quartic. Then the equa 


S + (kia + B/m + y/n) (afl + KaB + yn) = Oirn (1 


a 
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represents any conic which passes through D, DY ai, EB’. This 
conic may therefore be made to represent (15), in which case we 
must have 

SA | ia We (18), 


Rt l/r? = (2P + kn + 1/mn)/l = (29 + kin + 1/In)/m 
= (24 + kik, + 1/lm)/(Im —n)......(19). 


If the conic passes through the two points F, F’ it must be 
possible to make the equation 


pS + (a/b + kB + yln) (all + Blm + ky) =0 ...... (20) 
represent the conic 
a? + (mn — l) By + myatnaB=0 oaeiio. (21), 


which by virtue of (15) is the conic which passes through Æ, E’; 
F, F’; B,C. Comparing (20) and (21) we obtain 


ETOS- km, Ra=—-hkln aen (22), 
P+ 1/l? =(2P' + kk, + 1/mn)/(mn —1)= (2Q’ + h/t +1/ln)/m 
=(2h' +h /l+1flm)n ........ a (23). 


Equations (19) and (23) are six equations for determining 
three quantities P’, Q’, Rk’; but on solving them it will be found 
that they are capable of coexisting, which shows that a conic S 
ean be described through the six points D, D’; E, KE’; F, F’. 
The values of P, Q, R are determined by (18) and (22), and by 
Solving (19) and (23) and taking account of the values of h,, hy, ks 
determined by (13), we shall obtain 

2 e A a (24), 


l mn 


with symmetrical expressions for Q', R’. The conic is therefore 
‘completely determined by (16), (18), (22), and (24). 


195. Since a real crunode reduces the number of real points 
of inflexion by two and the number of imaginary ones by four, 
Whilst a conjugate point or an imaginary node reduces the number 
of imaginary points of inflexion by six, the number of real and 
imaginary points of inflexion of any given trinodal quartic can be 
written down. The same can also be done in the case of quartics 


having three double points, some of which are cusps. 
9—2 
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od 


196. A tricuspidal quartic is the reciprocal polar of a n 
cubic, from which it follows (i) that the three cuspidal tang 
intersect at a point; (ii) that such a quartie has only one dot 
tangent, which must be real; (iii) that its points of contact 
real when two of the cusps are imaginary, and imaginary when 
three cusps are real. It follows from (1) and (2) that when 
three cusps are real 


l=tpy, m=i, n= +p, 
whence the cuspidal tangents are 
py=vB, va=Ay, A = pa, 
which meet at the point 
aji = Blu = lv, 
whilst the quartic is reducible to the form 


+ (A/a) + (u/B)* + wy} =0. 


The two most interesting quartics of this species are 
cardioid and the three-cusped hypoeyeloid, whose properties 
be discussed in Chapters X. and XI. It will further be showr 
Chapter XII. that any tricuspidal quartic can be projected 
either of these curves. Hence a detailed discussion of tricusy 
quartics is unnecessary, since all their projective properties ca 
deduced from the known properties of the above-mentioned 
curves. 


CHAPTER IX. 


BICIRCULAR QUARTICS. 


197. A cLass of quartics, which include a variety of well 
known curves, possesses a pair of nodes or a pair of cusps at 
the circular points at infinity. The former class belongs to 
species IV., VII. or VIII. and are called bicircular quartics ; 
and the latter to species VI., IX. or X., and are called cartesians 
because the oval of Descartes was one of the first curves of this 
kind which was studied. 


198. To find the equation of a bicircular quartic. 


The general equation in trilinear coordinates of a quartic 
having a pair of nodes at B and C is 


oœ (La + MB + Ny) + AB? + uy + vep + apy (lat mB + ny) =0 


In this equation the quantities a, 8, y may be any real or 
imaginary straight lines. If, therefore, we suppose that B and C 
are the circular points at infinity and that A is the origin of 
a pair of rectangular axes, we can transform (1) into Cartesian 
coordinates by putting 

a=L, B=xt ey, YEL Y sere (2), 
and (1) becomes 


DILI+(M+N)e+i(M-N)y ++ yY 
+I? (m +v) (a? — y?) + 2 (u — v) vy} 
+I (a+ y?) (LL +(m+n)x+e(m—n)y} =0 ee. (3). 


Changing the constants so that «(Jf—J), u(u—v), u(m—) 
are represented by real quantities, (3) may be written ım the form 


(0? + 42)? Uy + (2 + Y?) th ta $ t=O eee (4), 
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where ua, v, are binary quantics in æ and y. Equation (4) m 
also be written in the form 


where S and U have the same meanings and J is the line 
infinity. 

Equation (6) shows that the conic U and the line at infini 
I have a contact of the first order with the quartic at the poi 
where it is cut by the circle S; and that this circle also 1 
a contact of the first order with the quartic at the two poii 
where it intersects the line at infinity. The conic U touc 
the quartic at the four points where S and U intersect; b 
the contact of the circle and the line at infinity with the quart 
arises from the fact that both pass through the circular poin 
which are nodes on the quartic. 


199. To find the equation of a cartesian. 
The equation 
a (La + MB + Ny) + (A? 8? + Quy + vy") + 2kaBy (AB + vy) 
+H’ =0 a (7) 
represents a quartic having a vate of cusps at B and C. 
Transform this equation by means of (2) and then put 
At+v=p, w(A—v)=Q, 
and it becomes 
(a+ y} + 2kT (2 + y*) (px +qy) + T° {$ (p -g 0- x) 


s + 2pqzy + 2u (a? + y’); + I (LI + Pa + Qy)= 
t 


Iplkk=a, _Iqjk=b, I {2p -4 (P+ k= 2e, 
and the equation may be written in the form 
(P ++ ax tby’ + 2e (a? + y?) + I(LI + Pa + Qy) =0, 


which is the same as 


(P+ y+ axt by +e} +As+By+0=0. 
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The equation of a cartesian may therefore be written in either 
of the forms 
SOS =) eia 
: epereete (8), 


or S?+ Pu=0 CO moor reer reer ecetssenenccs (9), 


Where © is a circle and w is a straight line. The form of (9) 
shows that the line w=0 is the only double tangent which the 
Curve can have; and also that the circle S has a contact of 
the second order with the curve at each of the circular points 
at infinity. 


200. Bicircular quartic curves have formed the subject of an 
exhaustive memoir by the late Dr Casey*, from which most of 
the present chapter will be taken. He first of all shows that the 
quartic may be generated in the following manner :— 


If OT be the perpendicular from any fixed point O on to the 
tangent at any point Q of a fixed conic; and if two points P, P’ 
be taken on OT such that TP =TP’, and 


oc Pees a (10), 


where 5 is a constant, the locus of P and P' is a bicircular 
quartic. 


When the fiwed conic is an ellipse or hyperbola, the quartic 
has two nodes at the circular points at infinity; when the conic 
is a circle, the circular points are cusps and the quartic is a car- 
tesian; and when the conic ts a parabola, the curve degenerates 
into a circular cubic. 


Let EY be the perpendicular from the centre Æ of the conic 
on to the tangent at any point Q. Let (f, g) be the coordinates 
of O referred to E; (x, y) those of P referred to 0. Let OP =r, 
EY=p, YEX=¢. Then | 


OT =p—fcos ġ — g sin ¢, 
PT=r— OT, 
* Trans. R. I. A. Vol. xxiv. p. 457. 
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also by (10) pan OMER 
Thais p+ 2fx + Wy + S=2rp hena. 
Now p? = a? cos? p + b sin? g, 


whence (11) becomes 
(12 + 2fx + 2gy + ÈS = 4 (aa? + OY) .....00e 


which by (5) is the equation of a bicircular quartic. 


When the conic is a circle, a =b, and (12) may be put i 
the form 
(12+ 2fx + Igy + & — 2a} = 4a? (a? — 2f — 2gy — ò?) ...( Lay 
which is the equation of a cartesian. 


When the conic is a parabola whose focus is Æ and vertex 
p = a sec ¢, and (11) becomes 


a(r? + 2fa + 2gy + 0°) = Zar? ........cs eee (14), 
which is the equation of a circular cubic. 


The fixed conic is called the focal conic because, as ¥ 
be shown hereafter, it passes through four of the foci of t 
quartic. 


If the quartic (12) be inverted from O with respect 
circle of radius 6, it is inverted into itself. Hence O is 
a centre of inversion, and the circle whose centre is O and radi 
ô is called a circle of inversion. We shall hereafter prove th 
in general, a bicircular quartic has four centres and four cirel 
of inversion. 


Equation (12) contains five independent constants; and if t 
origin be transferred to any arbitrary point and the axes | 
turned through any arbitrary angle, three more constants V 
be introduced. Hence the general equation of a bicircular quart 
contains eight constants, and that of a cartesian seven. 


ld ., e o . a eo. 
201. The inverse of a bicircular quartic is another bicireule 
quartic unless the centre of inversion lies on the curve, in which ce 
ww a circular cubic. 


The general equation is of the form 


T V + me, Hut U ty O (15), 
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the inverse of which with respect to the origin is obviously 
a curve of the same form. If, however, the origin is situated 
on the curve, u,=0, in which case the inverse curve reduces to 
la circular cubic. 


202. Bicircular quartics and cartesians may be divided into 
two classes according as the curve has two or three double points. 
Tn the latter case the curve is the inverse and also the pedal of 
a conic with respect to some point in its plane, which is the 
third double point of the quartic. That a bicircular quartic 
having three double points is the inverse of a conic, can be at 
once shown by taking the third double point as the origin, in 
which case (15) reduces to rtv, + r?v, + ua = 0, the inverse of which 
is a conic. We shall now prove that :— 


The inverse of a conic with respect to any point not on the 
curve is a bicircular quartic having a third double point at the 
[centre of inversion; and this point will be a node, a cusp or a 
conjugate point according as the conic is a hyperbola, a parabola 
or an ellipse. 


The equation of a central conic referred to any point (f, g) as 
origin is 

aw Flys oF 
——— 


? 


the inverse of which is 

g y? ; fa gy\ F go ) aa 16 
(= +4) + oper (E49) 4 (E+E 1)r=0 06), 
and the origin will therefore be a node or a conjugate point 
according as the conic is a hyperbola or an ellipse. When the 
conic is a parabola, the equation of the curve is 
(y+gy=4a(a+f) 
and the inverse curve is 
kiy? + 2k?r? (gy — 2ax) + (9° — haf rt =O n (1%), 


and the origin is a cusp. 


203. When the centre of inversion is the focus of the conic 
the quartic becomes a cartesian, which is called a limagon when 
the conic is an ellipse or hyperbola, and a cardioid when the 
conic is a parabola. When the centre of inversion lies on the 
curve, the quartic degenerates into a circular cubic. We have 
also shown in § 170 that the lemniscate of Bernoulli is the only 
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trinodal quartic which possesses a pair of biflecnodes at | 
circular points, in which case the conic is a rectangular hyp 
bola and the centre of inversion is the centre of the hyperbe 
It only remains therefore to consider the case in which the quar 
has a pair of flecnodes at the circular points. 

Equation (5) of § 169 is the equation of a trinodal quart 
having a pair of flecnodes at B and C. Putting a=J/, B=a+ 
y=a—vcy, it will be found that in order that the resulti 
curve should be real, we must have /(p+q)=1; whence, putti 
I /nqg= A, lq=B, the equation of the curve becomes 


(a+ y+ 2Aa (+ y) + AB {8B — 2B) 2 — (1 — 2B) y} =0, 
which is the equation of a bicircular quartic having a pair 
fleenodes at the circular points. The origin will be a cu 
when 2B=3; but if 2B=1, the curve degenerates into t 
square of a circle. 

Comparing the last equation with (16), we find that t 
centre of inversion 1s given by the equations 

Pav) =(4P, g=0, 
hence this point is determined by the following constructio 
From either focus draw an ordinate cutting the director ci 


in P, and let the tangent at P intersect the transverse axis of i 
conic in T, then T is the required point. 


When the conic is a parabola, the equation of the quartic is 
(2+ YF + 2Aax (x? + y) + 3A2y?=0, 


and the point T lies on the opposite side of the directrix at 
distance equal to that of the focus. 


204. The pedal of a central conic with respect to any pot 
in its plane is a bicircular quartic having a third double por 
at the origin, which is a node, a cusp or a conjugate point ¢ 
cording as the origin lies without, upon or within the conic; b 
the pedal of a parabola is a circular cubic. 


The pedal of a central conic with respect to any origin, whe 
coordinates with respect to the centre are (f, g), is 
(7? + fx + gy)? = ara? + by? 
The origin will accordingly be a node, a cusp or a conjuga 
point according as 
Se/e+9/h> or = or <1, 


a _—- 
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The pedal of a parabola is 


(7? + gy + far) 2 ay, 
hich is a circular cubic. 


We also observe that in both these cases 8 = 0. 


205. The preceding methods are not the only ones by 
vhich a bicircular quartic can be generated. We shall now 
how that :— 


A bicircular quartic is the envelope of a variable circle whose 
entre moves along a fixed conic, called the focal conic, and which 
ts a fixed circle orthogonally. 


In the figure to § 200, describe a circle whose centre is Q 
md which passes through P and P’. Then, since (10) may be 
written in the form OP.OP’=6, it follows that the tangent 
from O to this circle is constant and equal to the radius ê 
of the fixed circle. Hence, if with O as a centre a circle of 
radius ô be described, this circle will cut the circle through 
QPP’ orthogonally. 


Let Q’ be a point on the conic near Q; then Q’ may be 
regarded as lying on the tangent at Q. Hence, if a circle be 
described through Q’PP’, PP’ will be the radical axis of the 
two circles, and both will be cut orthogonally by the fixed 
circle. Hence P and P’ will be the limiting positions of the 
points of intersection of the two circles, and therefore the quartic 
is the envelope of the moving circle. 


The moving circle is called the generating circle; whilst by 
§ 200 the fixed circle is the circle of inversion. 


206. If through the centre of inversion O any chord be drawn 
and P and P’ be the two inverse points of intersection, the locus 
of the points of intersection of the normals to the quartic at P 
and P’ is the focal conte. 


Let OT =p, OP=r, the angle which the tangent to the 
quartic at P makes with OP; then 


_ db _rdp dọ 
Bae" Gr pdr’ dp 
d 
B a OT = a E., 
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But 2rp = r= &, 
ap PH 
whence 7 TA 3 
Accordingly tan y = PT/QT = tan PQT, 


whence PQ and P’Q are the normals at P and P”. 


207. If a chord be drawn from a centre of inversion to n 
the quartic in P and P”, the locus of the point of intersection of 
tangents at P and P’ is a trinodal quartic, having three biflecno 
at the angular points of the triangle which is self-conjugate to 
circle of inversion and the corresponding focal conic. 


From the last proposition, it follows that since QP, QP’ 
the normals to the quartic at P and. 
the tangents at these points are also 
tangents to the generating circle whi 
centre is Q, and will therefore inter. 
at a point Q which lies on the tang 
at Q to the focal conic. Draw @ 
perpendicular to OM ; then since 

points Q’PQMFP’ lie on a circle, 

OM .0Q=O0P.0P=8, 


and therefore Q’M is the polar of Q with respect to the circle 
inversion 6. i 


Let the circle of inversion and the focal conic be referred 
their common self-conjugate triangle; and let (E, n, ¢) bey 
coordinates at Q. The equation of the circle of inversion is 


az? cos A + bA? cos B + cy? cos O = 0, 
and that of the focal conic is 
Aa? + wh? + vy? = 0. 


_ Since QM is the polar of Q with respect to the cirel 
inversion, its equation is 


aat cos A + bBn cos B + cyt cos C = 0, 
and the equation of QQ is 


ABE + wBn + vyl = 0. 


I IIS’;'SC*S; ‘= 
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Eliminating (E, 7, č) by means of the equation of the focal 
onic, the locus of Q is of the form 


Pia + Q/& + Rin = 0, 


hich is the equation of a quartic having three biflecnodes. 


208. Every bicircular quartic can be expressed in the form of a 
ternary quadric of U, V, W,where these quantities are the equations 
yf three circles. 


By means of a linear transformation any ternary quadric can 
e reduced to the sum of three squares; hence the equation in 
uestion may be written in the form 


meee eV? 4 nW =O nesena (18). 


Now U=7°+u,+% &c.; whence substituting in (18) it will be 
found that the equation reduces to (4). 


909. We shall now examine the relations of the fixed circle 
to the focal conic. 


The equation 
Rata py Wo O. (19) 


obviously represents a circle; and it can be shown by the usual 


methods that (18) is the pole of (19), where (A, p, v) are 
subject to the condition 


N20 + pm + PME Oenes (20). 


Let the vertices A, B, C of the triangle of reference be the 
centres of U, V, W: then the distances of their centres from BC 
are bsin C, 0,0; whence the distance of the centre of (19) from 
BC is XO sin Clr +p+v). Accordingly if a, 8, y be the trilinear 
coordinates of the centre of (19) 


[A = DB] pp = cy[V (21). 


Substituting in (20) it follows that the centre of (19) lies on 
the curve 
aal + b2B?/m + ern = Oee (22), 
which is a conic to which the triangle whose vertices are the 
centres of U, V, W is self-conjugate. 


210. We shall now prove that the circle which cuts U, V and 
W orthogonally, cuts (19) orthogonally. 
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It is known from the geometry of the circle, that the ra 
axes of any three circles intersect in a point which is called 
radical centre of the three circles; and that the tangents dr: 
from the radical centre to each of the three circles are eq 
Hence the circle whose centre is the radical centre and w 
radius is equal to any one of the tangents to the three circles ¢ 
each of them orthogonally ; also if any number of circles hai 
common radical centre, a circle can be described cutting eac 


them orthogonally. 


Let S be the circle circumscribing the triangle of refere; 


then we may write 
U=S + (ha+mB + my) J, 


with similar expressions for Vand W. Whence the radical a 
of U and V, V and W, W and U are 


(l, — l)a + (mu — m) B + (m — na) y = 0, &c., &e. 
The radical axis of U and (19) is 


{u (h — h) — v (ls — h); a + [u (m, — m) — v (ms — m)} B 
+ fu (m — n) — v (ng — mn) y= 0 


which obviously passes through the radical centre of U, V and 
Hence the circle which cuts U, V, W orthogonally cuts ( 
orthogonally. This circle is therefore the circle of inversion, 1 
circle (19) is the generating circle, whilst the conic (22) is 
focal conic. 


211. It is shown in treatises on Conics, that if a circle an 
conic intersect in four points P, Q, R, S; and if SP, RQ inters 
in A; PR, QS in B; and PQ, SR in C; the triangle ABC 
self-conjugate to the conic and the circle, and the orthocentre 
ABC is the centre of the circle. If therefore the radii of 
circles U, V, W be chosen so that the orthocentre is their radi 
centre, the circle through P, Q, R, S will cut (19) orthogona 
Accordingly the former circle is the fixed circle or circle of invi 
sion, whilst (19) is the generating circle; hence the quartic m 
be generated in a third manner :-— 


Let the focal conic cut the circle of inversion in P, Q, R, 
let SP, QR intersect in A; PR, SQ in B; PQ, SR in C. 
A, B, C as centres describe three circles U, V, W, whose radii 
stich that the orthocentre of ABC is their radical centre; then t 
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juartic is the envelope of a variable circle whose centre lies on 
the focal conic and which cuts the circle of inversion and also the 
ree circles U, V, W orthogonally, and its equation is 


LU2+mV?2+nW?2=0. 


We have shown in § 75 that a focus of a curve may be 
regarded as an indefinitely small circle which has a double contact 

ith the curve; from which it follows that the four points P, Q, 
R, S in which the focal conic intersects the circle of inversion are 
oci of the quartic. For this reason the conic in question is called 
he focal conic. 


212. When the circle of inversion touches its corresponding 
focal conic, the point of contact is a node on the quartic; and when 
wt osculates the focal conic, the point of contact is a cusp. 


Let the circle and the focal conic touch at R; let p be the 
perpendicular from Æ the centre of the conic on to the tangent at 
R; ED the diameter conjugate to HR; the angle which the 
normal at R makes with the major axis of the conic. Also let 
€, n) be the coordinates of R referred to Æ. 


The equation of the quartic referred to O as origin is given by 
(12). If therefore we transfer the origin to R, and recollect that 


E=f+dcosy, n=gt+Sdsiny, fcospt+gsnp=p—9, 


acosp=pF, b sin = pn, 
(12) becomes 


(r° + 22E + 2yn + 2pò) = 4 {aa + by? + 2pò (wf + yn) + p'è). 
The terms of lowest dimensions are 
a? (E + på — a?) + y? (4? + pd — b) + Quay En, 


and consequently the point of contact is a double point. The 
condition that this should be a node, a cusp or a conjugate point 
will be found on reduction to be 


ED? > or = or < po. 


Now when ÆD?= pô, 6 is the radius of curvature at the origin 
R; whence the point of contact will be a cusp when the circle of 
imversion osculates the focal conic. 


The point of contact R must obviously be a real point, other- 
Wise the quartic would have three imaginary double points; hence 
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the two foci which coincide at R must be real foci. We # 
obtain the following theorem :— 


When a bicircular quartic has a real node, the latter arises fr 
the union of two real single foci; and when it has a real cusp, 
latter arises from the union of three real single foci. We sh 
have examples of this in the case of the limaçon and the cardit 


When the circle of inversion has a double contact with { 
focal conic, each point of contact will be a double point on i 
quartic, which together with the circular points at infinity 
four double points. Since this is greater than the maxim 
number, the quartic must break up into two conics each of wh: 
passes through the circular points at infinity, and must theref 
be circles. 


213. Before proceeding further with the theory of bicireu 
quartics, it will be desirable to consider certain geometrical p 
positions connected with the circle. 


Let ABU be any triangle, O its orthocentre ; then 


(i) The triangle formed by joining any three of the four pot 
A, B, C and O has the fourth point for its orthocentre. 


(ii) The four triangles thus formed have a common nine-pe 
circle. 


For the points D, E, F are the feet of the perpendicul 
drawn from the angles of each of the f 
triangles on to the opposite sides; and t 
nine-point circle is the circle circumseribi 
the triangle DEF. 


F (Gii) Hach point is the centre of the cù 
to which the triangle formed by joining 
remaining three is self-conjugate. 

(iv) The four circles, to which the ft 
triangles are self-conjugate, cut one anot 
orthogonally. 


A 


Let 8, r,i, ra, r, be the radii of the four circles to which t 
triangles ABC, OBC, OCA and OAB are respectively self-cor 
gate. Then since A is the pole of BC with respect to the ei 
to which the triangle ABC is self-conjugate, 


®@=O0D.0A =—4R' cos A cos B cos C, 
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vhere R is the radius of the circle circumscribing ABC. Similarly 
r? = 4? cos A sin Bsin O, 
ro = 4R? cos B sin C sin A, 
r} = 4R? cos C sin A sin B. 
But OA? — è = 4 F? cos A (cos A + cos B cos C) 
= 4h? cos A sin Bsin C =r}. 
Similarly OB — 0 =7?, 
OC? — & =r}, 
hich shows that the circle whose radius is § cuts each of the 
urcles whose radii are 7,, 72, r, orthogonally. In the same way it 


an be proved that each of the other four circles cuts every other 
me orthogonally. 


(v) The radical asis of any two of the four circles passes 
hrough the centres of the remaining two. 

The radical axis of two circles is perpendicular to the line 
joining their centres; also since the tangents to the two circles 
rom any point on the radical axis are equal, it follows that if from 
any point on the radical axis as centre a circle be described whose 
adius is equal to the tangent from this point to either of the two 
ircles, the last-mentioned circle will cut the first two orthogonally. 
ence the radical axis of the circles whose centres are A and B 
passes through the points O and C. 


214. To find the equations of the four circles. 


Let S=0, U=0, V=0, W=0 be the equations of the four 
orthogonal circles whose centres are 0, A, B and C. Since ABC 
s self-conjugate to S, 


S = aa? cos A + bA cos B + cy? cos C, 


also since the sides of the triangle of reference are the radical axes 
of Sand U, V, W respectively, 


U=S—laol, V=S—mBI, W=S-—nyl......(23), 
whence la — mB = 0, mB—ny=0, ny—la=0 


re the radical axes of U and V, V and W, W and U respectively. 
But these are the equations of CF, AD and BH; whence 


l sec A = msec B = n sec C = k, 
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and (23) becomes 
U = S — kIa cos A &e. 
The constant k is determined from the fact that the point A 
the centre of U, and therefore the pole of the line at infini 
whence k = 2 and (23) becomes 
U = S — 2[a cos A 
V = 5 — 2I B cos B caeee oare. ALLET (24) 
W =S — 2Iy cos ol 


215. If, m, v be variable parameters, the circle 
AU +pV+vW=0 
cuts the circle S orthogonally. 


The radical axes of any three circles intersect at the radi 
centre; and from this point as centre a circle S can be deseril 
cutting each of the three circles orthogonally. Also if a foui 
circle be described, such that the radical axis of the latter ¢ 
any one of the three circles passes through the radical cen 
this circle will be cut orthogonally by S. Hence the ci 
AU +nV+vW=0 will be cut orthogonally by S, provided 1 
radical axis of itself and U passes through O. Now 
AU+pV+vW=(4+p+v)S—2/ (Aacos A + pS cos B+ vy cos 
and the radical axis of this and U is 

— (p +v)acos A + uß cos B+ vycos C=0, 
which obviously passes through the point O, where 
a cos A = ĝ cos B = y cos C. 


From (24) it follows that the equation of a bicircular qué 
may be expressed in the form 

l (S — 21a cos A} + m(S — 278 cos B} 

+n (S — 2Iy cos CY =0...... (25) 

which shows that the quartic passes through the two circ 

points at infinity. 

The condition that the focal conic (22) should be a parabol 

that +m +n =0, in which case (25) becomes 

S (la cos A + mB cos B + ny cos C) 
= I (læ? cos? A + mB? cos? B + ny? cos? aa 


which is the equation of a circular cubic. 
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Centres of Inversion. 


216. If the centre and radius 6 of the fixed circle whose 
entre is O be taken as the centre and radius of inversion, it 
ollows from (12) of § 200 that a bicircular quartic is inverted 
nto itself. We shall now show that the vertices A, B, C of the 
riangle, formed by the intersection of the diagonals of the quadri- 
ateral whose angles are the points where the focal conic intersects 
he fixed circle, possess the same property; and that the radii of 
nversion in the three respective cases are the tangents from A, B 
ind C to the fixed circle, that is to say the radii 7,, rs, rs of the 
ircles U, V, W. 

Let A be the origin, and AB the axis of æ of a Cartesian 
system of coordinates; then 


U =æ4+y- re, 
V=æ 4y — 2ce +e- r, 
W = æ + y? — 2bx cos A — 2by sin A + b — r. 
But from § 213 
c? — r? = 4 Fè? sin O (sin C — sin A cos B) 
= 4 F? sin Csin B cos A = rê. 


imilarly b—r} =r", 
hence if U’, V’, W’ denote the inverses of these circles when the 
adius of inversion is 7,, we have 

PU’ =—r2U; eV =r V; eW =reW ; 
hich shows that the inverse of the quartic is the same curve as 
he original quartic. 


Focal Conics and Foci. 


217. We bave shown that four of the foci of a bicircular 
uartic are the intersections of a circle of inversion with its 
orresponding focal conic. We shall now prove that the quartic 
an be generated by taking any one of the three circles U, V or 
W as the fixed circle, and a conic confocal with the original conic 
1s the focal conic. The intersections of these three circles with 
heir respective focal conics furnish twelve more foci, making 


ltogether sixteen. 
10—2 
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In the figure to § 200, let (f’, g') be the coordinates of | 
centre A of the circle U referred to O, and (fi, gı) of A refer 
to £; also let (E, 7) be current coordinates referred to A, al ‘ 
being parallel to those of the focal conic. Then 


anit) AS J | (26) 
h=f+l', n=g 49 ) x 
Also let 
P=ff'+9g + } (27 
S, = B+ 9? + BE + Qomtre) 


where AQ?=r,2+ &. Then (12) can be transformed into 
(Sı + 2P} =4 {a (E +Y + Pn +g}, 


or Se= 4 {E (a — P)+ n (0 P) 
+ 2€ (a?f’ — Pf) + 2n (bg — Pg) 
+aif? +b" — Pra Pi. (28) 


The equation 
EFA! OO" 1a r(Erfyt a tg- 8} =0 


represents a conic passing through the points P, Q, R, S in wh 
the focal conic intersects the circle of inversion; and by suit 
determining A this conic may be made to represent the 
straight lines AP, AQ. Since A is the origin, we must dé 
mine A from the conditions that the coefficients of & and 7 
also the absolute term vanish, which give 


< at Af’ =0 onenean aeae (29 
i HAJ = 0 .....0ses 0 (30 


AB Lancet ego) 20 — (31 


a? 


Multiplying (29) and (30) by f, gı, adding, and taking ace 
of (31) and the first of (27) we obtain 


Yes | (3! 

whence (29) and (30) become 
Pf- af’ =0, Pg, —B9! =0 (3 

which show that the coefficients of £ and 7 in (28) vanish. 
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Again from (38) 
af? + b9%=P(fft+9'g) 
nd Pr? = P (AO? — &) 
a? OMerg2 =), 
whence arf? + bg? — Pre = P( ff’ +99 +S) 
| _ Pp 
which shows that the absolute term in (28) vanishes. Hence the 
equation becomes | 
S? = 4 (E? (a? en P) ii n? (b? a P). 
Comparing this with (12), it follows that the quartic can be 
generated as the envelope of a variable circle which cuts the circle 


U orthogonally, and whose centre moves on the conic whose 
equation referred to the centre and axes of the original conic is 


2 2 
aX ah 


-PEP 
which is confocal with the original conic. 


218. When any of the points of intersection of one of the 
four circles of inversion with its respective focal conic are 
imaginary, the corresponding foci will be imaginary ; also if the 
circle touches its focal conic at one point, the point of contact will 
be a double focus ; and if the circle osculates the conic, the point 
of contact will be a triple focus. It also follows from § 76 that 
the sixteen foci cannot all be real; for bicircular quartics, with 
only two double points, are quartics of the eighth class, and con- 
sequently by § 79 possess two real double foci, and four real single 
ones, which may however unite into one or more multiple foci. 
Cartesians on the other hand are curves of the sixth class, and 
therefore by § 80 possess one real triple focus and three real 
single ones. 


219. The form of equation (12) of § 200 shows that the lines 
drawn through the centre O of the fixed circle which are parallel 
to the asymptotes of the reciprocal of the focal conic are one pair 
of double tangents, and that these will be real or imaginary 
according as the focal conic is a hyperbola or an ellipse, and the 
results of § 217 show that the remaining three pairs of double 
tangents are parallel to the asymptotes of the reciprocals of the 
other three focal conics. The preceding theorem will, however, 
require modification when the quartic has a third double point. 
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220. The foci of the focal conic are the double foci of 
quartic. 


In (12) of § 200 write B=a+ wy, y=a— vy, and make t 
resulting equation homogeneous by multiplying each term by t 
proper power of a; then the equation 

[By +fa(B +) — iga (B — y) + ča)? = a? (a? (B +y) —B(B R 
represents a quartic having a pair of imaginary nodes at — 
points B and C of the triangle of reference. 


The nodal tangents at B and C are 
(y +fa — wa) = (a? — b?) œ 
and (B + fa + gaf = (a? — b?) a. 


Retransforming to Cartesian coordinates and putting a=1 
follows that the nodal tangents at the two circular points are 


a+ftae—t(y+g)=9, 
at+tftaete(yt+g) =), 


which intersect at the two real points 


x=ae-f, =-49, 
ea=—ae—f, y=-g. 
These are the coordinates referred to O of the foci of the f 


conic, and therefore, by § 79, these points are the two double 
of the quartic. 


Putting e=0, it follows from § 200 and the preceding p 
graph that when the focal conic reduces to a circle, the centr 
the latter is the triple focus of a cartesian. 


221. If ri, Tı, T, be the distances of any point on a bicirer 
quartic from any three real foci, then 
lr, + mr, +nr, = 0. 


Let the point r, be taken as the origin, and let the axis « 
pass through r,; then 
ry? = 7, 
ri =r = Par + a?, 
T? =r? — 2 (ex + fy) +24 f2, 
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and therefore the required locus is 
UE + m? — w) r — mas + 2n? (ex + fy) + ma — r (e+ f3) 
= APM (7? — law HAY. ennenen. (34), 


which is the equation of a bicircular quartic. To prove that the 
three points are foci, we shall show that the line æ + wy=0 isa 
tangent to the quartic. Substituting wx for y in (34) it becomes 


{2n (e+ uf) — 2m’ax + ma? — re (e + f?)}? = 0, 


which is a perfect square, and therefore shows that the line 
_a“+.ty=0 touches the curve at the imaginary point determined 
by this equation. 


222. It follows from §§ 202 and 81 that if a conic be inverted 
from any point O, the point O and the two inverse points of the 
foci of the conic are foci of the quartic. We shall now prove 
geometrically that if P be any point on the quartic OP, SP and 
HP are connected by a linear relation. 


Let C’, S’, H’ denote the centre and foci of the conic, P’ any 
point on the conic, 2a its major axis; then 


HP _oP SP’ or 
vie” OH’ 6SP COS” 
also since S’P’ + H'P' = 2a, we obtain 


San HP SP 5 
eee ee | eee... 4. 39), 
OP’ 0H * OS al: 
or if k is the radius of inversion 
2a0Pjk = HP] OH + SPOS ....-....220..: (36), 


which is the required linear relation. 


Let O coincide with the centre C of the conic ; then 


OH’ = OŠ = ae, 
whence (35) becomes 
Łe (SP + HP) = CP. 


When fie conic is a hyperbola, this becomes 
te(SP—-HP)= CP, 
also SP? + HP? = 2 (CP? + CS"), 
whence SP. HP = CP (1 — 2/e) + CS. 
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When the conic is a rectangular hyperbola, e = y2, and 


obtain 
SP. HP =CS, M 


which is the well known focal property of the lemniscate. 


Circular Cubics. 


223. We have shown in § 200 that when the focal conic i 
parabola, a bicircular quartic becomes a circular cubic; and al 
that the inverse of a bicircular quartic from any point on t 
curve is a circular cubic. Conversely the inverse of a circul 
cubic from any point not on the curve is a bicircular quart 
When the centre of inversion is on the cubic, the curve invet 
into another circular cubic unless the point is a double point, 
which case the cubic inverts into a conic which is a hyperbola 
parabola or an ellipse according as the double point is a node, 
cusp or a conjugate point. All the above results follow from 
general equation (4) of § 198 of a bicircular quartic. 


-eai 


The equation of a circular cubic in Cartesian coordinates is 
æ (r° + 2fæ + 2gy'+ &) + 2a =O (1) 


the origin being the centre O of the fixed circle; (f, g) are tl 
coordinates of O referred to the focus S of the focal parabola, a 
a is the focal distance of the latter. If (1) be transformed 
polar coordinates we obtain 


1° + 2r(fcosé+ g sin 6 +a sec 0) + &=0......... (2), 
from which it follows that if 


fcosa+gsina+aseca+5=0........0:c.00s (3), 


the line 6 =a intersects the curve in two coincident points. 
we now transfer the origin to the point ò cos a, ô sin a, where 6 
given by (3), the linear terms will not vanish; whence the ne 
origin is not a double point, but is the point of contact of one 
the tangents from O to the curve. Accordingly the cubic cann 
have a double point unless 8=0; in which case the equation oi 
the tangents at the double point is 


(a+f) a? + gay + ay? =0, 
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and the double point will be a node, a cusp or a conjugate point 
according as 

g >or=or<4a(a +f), 
that is according as the point O is without, upon or within the 
focal parabola. In this case the cubic will be the inverse of a 
conic with respect to a point on the curve. 


All circular cubics have only one real asymptote, viz. the line 


x+ 2a =0. 
From (2) we obtain 
VE, SAO? gee, Pies hse ee (4), 
$ (n +72) =— (feos 6+ g sin 0+ asec 6) ......... (5). 


| Equation (4) shows that if OPQ be any chord, the rectangle 
OP .0Q = 8; also that the lengths of the tangents drawn from 
O to the curve are all equal to the radius of the fixed circle. 
‘Equation (5) shows that the locus of the middle point of PQ is 
the circular cubic 
ræ + (a +f) + gry +ay=0, 

whose node and nodal tangents are identical with those of the 
first cubic when ` ô= 0. 


224. We have shown in § 121 that one of the forms of the 
equation of a circular cubic in trilinear coordinates is 


a E in, Te co ee ee (6), 
where up is a ternary quantic of degree n. 


The form of (6) shows (i) that the cubic passes through the 
two circular points at infinity; (ii) that it passes through the 
point where the line u, intersects the line at infinity, from which it 
follows that the line u,=0 is parallel to the asymptote ; (iii) that 
the cubic passes through the points of intersection of the conic 
u= 0 with the circle S=0 and the line u,=0. It also follows 
that a circle cannot intersect a circular cubic at more than 
four points which are at a finite distance from one another. 


225. The following proposition is of fundamental importance 
in the theory’of circular cubics. 

If a circle intersect a circular cubic in four points A, B, C, D, 
the three straight lines which respectively join the points, where the l 
three pairs of straight lines AB, CD; BC, AD; CA, BD agam 
intersect the cubic, are parallel to the asymptote. 
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If S be taken as the circle circumscribing ABC, the conic 
must also circumscribe this triangle, whence 


~ 
> 


ti = lBy + mya + nap, 
=ra+ uh + vy. 


Let the lines AB, CD meet the cubic in Æ and F; then sii 
D is the fourth point in which S and u, intersect, the equat 
of CD is d 
c (IB + ma)= n (aß + ba) ....... ee (7). 
To find the third point F where CD intersects the cul 
substitute the left-hand side of (7) in the term w in the cubic a 
it reduces to 

(cu, — nl) S =0, 

which shows that the line 


passes through F. Putting y = 0 in (8) and also in (6) it follo 
that (8) passes through Æ; whence (8) is the equation of 1 
The form of (8) shows that ÆF is parallel to the asymptote. 


226. If A and B coincide, AF is the tangent at A, whence: 


If a circle touch the cubic at A and intersect it at C and D, 
tangent at A and the line CD intersect the cubic at two point 
and F, such that EF is parallel to the asymptote. 


227. Let Cand D as well as A and B coincide, then :— 


If a circle touch the cubic at two points, the line joining the t 
points, where the tangents at the points of contact cut the cubic 
parallel to the asymptote. 


228. Let A, B and C coincide, then :— 


If the chord of curvature intersect the cubic in F, and i 
tangent to the cubic and its circle of curvature meet the curve in 
the line EF is purallel to the asymptote. 


229. If a straight line parallel to the asymptote of a circu 
cubic cut the curve in a and c, and if the tangents at a and c í 
the curve in A and C, then the four points AacC lie on a ciri 


also AC intersects the cubic at the point where it is cut by 
asymptote. 
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T Let A, B, C, D be the points where any circle intersects the 
cubic; let AB, CD intersect the cubic A 

in a and c; and AC, BD in R and R’. 
Let B move up to coincidence with a, 
and D with c. Then Aa, Cc are the 
tangents at a and c, and the four 
points AacC lie on a circle. 


When B and D coincide with a and c, BD coincides with ac ; 
but since a line which is parallel to the asymptote cannot cut the 
curve in more than two points at a finite distance from one 
‘another, the point R’ must move off to infinity. Hence the line 
RR, which by § 225 is parallel to the asymptote, cuts the cubic 
in only one finite point R, and therefore it must be the asymptote. 


230. Let the points A and C coincide; then :— 


If a tangent be drawn to the cubic from the point where it is 
cut by its asymptote, and if from the point of contact A two tangents 
be drawn to the cubic touching it in a and c, the circle circumscrib- 
ing Aac will touch the cubic in A, and the line uc will be parallel 
to the asymptote. 


231. If a circular cubic È be inverted from any point O on 
“itself into a circular cubic X’, the osculating circle of & at O will 
invert into the asymptote of X’, and vice versd. 

The osculating circle intersects the cubic in three coincident 
points at O, and one finite point P; whence the circle inverts 
into a line cutting the inverse cubic in one finite point P’ and 
touching it at two coincident points at infinity; whence the 
inverse of the osculating circle is the asymptote of 2 


232. If the cubic be inverted from the point O where the 
asymptote cuts the curve, the point O will be a point of inflexion on 
the inverse curve. 


It follows from (6) that the equation 
. (ax + by) S + (aa + by) + ex +fy =9 
represents a circular cubic whose asymptote is the line 


ax + by = 0. 
The inverse cubic is 


(ax + by) S' + rk? (ax + by)? + 1° (ex + fy)=0, 
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where S is the inverse of the circle S; from which it follows tk 
the line ax + by =0 has a contact of the second order with t 
inverse cubic at the origin, and the latter 1s therefore a point 
inflexion. 


233. If three tangents be drawn to a circular cubic from i 
point O in which the cubic cuts tts asymptote, the three points 
contact will lie on a circle which passes through O. 


We have shown in § 92 that from a point of inflexion O thr 
tangents can be drawn to a cubic, and that the three points 
contact lie on a straight line. Hence inverting with respect to 
the theorem at once follows from § 232. 


234. Every circular cubic passes through the four centres ¢ 
inversion, and also through the feet of the perpendiculars of 
triangle formed by joining any three centres of inversion. 


We have shown in § 213 that if A, B, C, O be the four cent 
of inversion, any one of these points is the orthocentre of t 
triangle formed by joining the other three. Also the equation 
the cubic referred to A BC is 
S (la cos A +m cos B + ny cos C) 
= I (la? cos? A + mB? cos? B+ ny? cos? C)...... (oR 
where S = a2 cos A + bf? cos B+ cy? cos C.......00-. (10), 
and l+m+n=0)...........00en (11). 
Putting 8 = 4 =0 in (9), it follows that (9) vanishes by virt 
of (10); whence the cubic passes through A ; similarly it pai 


through B and C. Also since the coordinates of O are proportior 
to sec A, sec B, sec C it follows that the cubic passes through 0. 
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To find where AC cuts the cubic, put 8=0, and (9) reduces to 
ay (le cos A — na cos C) (a cos A — y cos C) = 0, 
the last factor of which is the equation of BE. 


235. The tangents to the cubic at the four centres of inversion 
are parallel to the asymptote. 


Since the four points B, E, O, F lie on the cubic and also on a 

circle, it follows from § 225 that the line joining the third points in 

which BF and EC intersect the cubic is parallel to the asymptote ; 
but since these lines intersect on the cubic at A, the tangent at A 
is parallel to the asymptote. 


Since the tangent at A is the coefficient of a? in the equation 
of the cubic, it follows from (9) and (11) that its equation is 


B (m sin C+ ncos A sin B) + y (n sin B + m cos A sin C) =0 


Å direct proof may be given as follows. The form of (9) shows 
that the line 
la cos A + mg cos B + ny cos C=0............ (13), 


or u=0, is parallel to the asymptote. The equation of any line 
parallel to (13) is u + kZ =0; and if we determine k so that this 
line passes through A, we shall obtain (12), which is the tangent 
at A. 


236. The tangents at D, E, F intersect at a point Y on the 
nine-point circle, which is common to the four triangles formed by 
joining the centres of inversion. 

Let the tangents at D and F intersect in Y; join EY; also 
let the tangent at C cut YD, YF in M and N. Then since D 
and F are the inverse points of C with respect to B and O, 


YDC=MOCD; YFC=NCF=O0CM, 


whence VDC + YFO = OCD =37—B.....cccceeeees (14). 
Also ¢—-DYF=YDC+ YFC+ CDF + CFD......... (18). 
But ` ODF=A; CFD =CAD=C— §teeeereees (16). 


Substituting from (14) and (16) in (15) we get 
DYF= 2B. 
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But from the geometry of the nine-point circle, it is kno 
that this circle passes through DEF, and that DEF =2B, wher 
Y is a point on the nine-point circle. 7 


> 


Whence also EYD=EFD=20C,. and therefore YE is @ 
tangent at È. 


237. If the sides DE, EF, FD of the triangle DEF 
produced to meet the cubic in F’, D, KE’, the lines DD’, Ei 
FF’ are parallel to the asymptote. 


Since the four points A, F, Æ, O lie on the cubic and also on 
circle, and AO and FE cut the cubic again in D and D, it follo 
from § 225 that DD’ is parallel to the asymptote. 


238. The point of intersection Y of the tangents at D, E, F 
the point where the cubic is cut by its asymptote. 


Let the nine-point circle cut the cubic in a fourth point J 
and let HD cut the cubic again in D”. Then by § 225 D' D“ 
parallel to the asymptote; but by § 237 D’D is also parallel to t 
asymptote, whence D” coincides with D, and HD is the tanget 
at D. Accordingly H must coincide with Y. This shows that 
is also a point on the cubic. 


Also since the points of contact D, Æ, F of the tangents fro 
Y lie on a circle passing through Y, it follows from § 233 that 
is the point where the asymptote cuts the cubic. Hence :— 


The nine-point circle, common to the triangles formed by join 
any three of the centres of inversion, passes through the point whe 
the cubic is cut by its asymptote. 


The preceding theorems furnish the following construction fi 
finding the four centres of inversion. From the point where th 
cubic cuts its asymptote, draw three tangents and let D, £, Fb 
their points of contact; then the centres of the inscribed and th 
three escribed circles of the triangle DEF are the four centres’ 
inversion. 


239. The common nine-point circle of the triangle formed 
Joining any three of the four centres of inversion passes through i 


Jocus of the focal parabola, that is through the double focus of ù 
cubic. 
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Since by § 216 the triangle is self-conjugate to the parabola, 
he equation of the latter may be written 


TEE WB IY? — Oz... ...0.0cccecrenees (17), 
yhere a?/l + b?/m + c/n == 0 sioielaielelovelejeleislsicicisvsie een (18). 


Let D,, £, and F, be the middle points of BC, CA, AB; then 
the equation of DE; is 


l 


and (18) is the condition that (19) should touch (17). Hence the 
parabola touches the sides of the triangle D,E,F,, and therefore its 
focus lies on the circle circumscribing D,#,F,, that is upon the 
nine-point circle of ABC. 


240. The directrices of the four focal parabolas pass respec- 
tively through the centres of the four circles circumscribing the four 
triangles formed by joining the centres of inversion. 


The equation of the directrix of (17) is* 
i L(m+n) a/a+m(n+l) B/b+n (l+ m) yje = 0. 


The condition that this line should pass through the centre of the 
Circle circumscribing ABC, whose coordinates are proportional to 
s A, cos B and cos C, is 


i lm (cot A + cot B) + mn (cot B + cot C)+ nl (cot C + cot A) =0, 


which is the same thing as (18), which is the condition that (17) 
ould be a parabola. 


On the Points of Inflexion. 


241. The general equation of a circular cubic may be written 
in the form 


Con c E cneeeae (20), 

where S is the circumscribing circle, and 
Uy = NAF MBA UY scccreccccrscnsererscecerenseueeaa crane (21), 
Up = la + mB? + ny? + 21’ By + 2m'ya + pac! = eee (22). 


* Ferrers’ Trilinear Coordinates, p. 93. 
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Let B and C be two real points of inflexion, and let AB, 
be the tangents at B and C. Then if B=0, the cubic m 


reduce to a? =0, which requires that a 
n=0, 2m =vb/c, 
le = Ab — 2m'a = b (Ac — vAa)/C........000000e 3 


The conditions that the cubic should reduce to a°=0 wi 


y = 0 are that 
m=0, 2n'=ve/b, 


lb =c (àb —pa)jb ..... 2 


The third real point of inflexion D must lie on BC, whe 
putting a=0 in (20), the equation of AD is 


(uB + vy) a= 20 (bB + cy). 
If D is at infinity, AD must be parallel to BC, whence 


plb=v[e=k ........ ( 
Using this in (23) and (24) we get 
(à — ka) (b*— c?)=0...... eee (26). 


The solution A = ka must be rejected, because it leads to i 
cubic breaking up into a conic and the line at infinity ; the otl 
solution shows that b=c, whence =v, and the equation of 
becomes . 
Aat w(B +7) =0, 


which is parallel to BC. These results show that when a circu 
cubic has three real points of inflexion, one of which is 
infinity :— 

(i) The tangents at the two other points of inflexion, toget 
with their chord of contact, form an isosceles triangle of which 
chord of contact is the base. 

(ii) The line joining the points of inflexion is parallel to 
asymptote. 


242. The following is an example of tangential coordinate 


If through any point O on a circular cubic a line be dra 
cutting the cubic in P and Q, and RX be drawn perpendicular 
PQ through the middle point R of PQ, the envelope of RX ts 
parabola. 
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Taking O as the origin, the equation of the cubic is 
rv, + Usp + U, = 0, 
ch in polar coordinates becomes 
(E cos 6+ F sin ý + 2r (A cos? 0 + B sin 20 + C sin? 0) 
+ Gcos 9+ Hsin 6=0, 

A cos? 6 + B sin 20 + C sin? 0 

E cos 0 + F sin 6 
Let RX meet the axes in X and Y; and let OR =p, then 


OR=}(r+r)=- 


p&=cos 6, pyn=sin 8, 
ence AE + 2BEn + Cr? + HE + Fn = 0, 


ich is the tangential equation of a parabola. 


11 
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CHAPTER X. 


SPECIAL QUARTICS. 


243. Havine discussed the general theory of quartic cur 
and also that of bicircular quartics, we shall proceed to consi 
the properties of a variety of well known curves of this deg 
It will further be shown in Chapter XII. that all the projec 
properties of these curves may be generalized by projection; ; 
in particular that the theory of all quartics having three bi 
nodes, a node and a pair of cusps, or three cusps may be dedi 
from the properties of the lemniscate, the limaçon and the card 
respectively. 


The Cassinian. 


244. The Cassinian, or the oval of Cassini as it is so 
times called, is the locus of a 


which moves so that the produc 
(+) C) its distances from two fixed poini 
constant. The two fixed points arc 
will hereafter be shown, triple foci. 


To find the equation of the Cassinian. 


Let S and H be the foci, O the middle point of SH; 
SH = 2c, and let a be a constant such that 


then if (a, y) be the coordinates of P referred to O, 
SMPe=(c-cl+y, HP=(@+e}+ y, 
whence, (a7 + YHES — 4¢%a? = (a? — oY. Ae 2 
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| Comparing this with (4) of § 198, it follows that the Cassinian 
a bicircular quartic. Equation (2) may also be written 


Tt + 2¢? (a? ~ r? cos 26) — at=0 o. (3). 


245. The Cassinian is also included amongst the curves given 
yy the equation ' 


E + = % log [(@ + y) /e—1} 

which is equivalent to the two equations 

PY — Oa aU 
æ? — y? — è = 2xy coth Qn, 


he first of which represents a family of confocal Cassinians, and 
e second a family of rectangular hyperbolas which pass through 
e foci of the former and cut them orthogonally. 


246. The Cassinian always cuts the axis of æ in the two 
al points «= +a; and will also cut it in two other points 
uch will be real or imaginary according as cy2> or <a. 
me curve also cuts the axis of y in four imaginary points or 
A two real and two imaginary ones according as c/2> or <a. 
Accordingly when c./2 >a, the Cassinian is an exodromic curve 
sonsisting of two detached ovals, each of which encloses one of the 
foci; but when c/2 <a, the curve is unipartite and perigraphic ; 
md the internal and external curves in the figure to § 244 show 
he forms of the Cassinian in the two respective cases. When 
/2 =a, the curve becomes the lemniscate of Bernoulli, and the 


rigin is a real biflecnode. The form of the curve is shown in 


Transforming (2) into trilinear coordinates by taking the lines 
¢+1y=0 as two of the sides of the triangle of reference and the 
me at infinity as the third side, the equation becomes 


(By + ea") F oa? (8 1 yy F= (a? = Cyr ia 


ha which it follows that the Cassinian is a binodal quartic 
raving a pair. of biflecnodes at the circular points. Hence 
Pliicker’s numbers are n=4, m=8, 8=2, «=0, T=8, ¢=12; 
fr since four of the points of inflexion are situated at the 
iflecnodes, the curve has only eight independent points of 
nflexion and it will be shown in § 251 that four of these 
aust be imaginary, whilst the remaining four may be all 
i 11—2 
\ 
( 


a N 
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real or all imaginary, or may coalesce into two real points 
undulation. 


= 
> 


247. The nodal tangents at the circular poiuts are 
y= cil?, Bix ag 
or, in Cartesian coordinates, 


(x-y =°, (+y =ë, 


which intersect at the points s=+c, y=0; also, since Bi 
tangents are stationary tangents, their points of intersection 
triple foci. 


Since every binodal quartic must have eight real foci, 
which two or more may unite into multiple foci, it foll 
that the Cassinian must have two single foci. Their p 
tions may be found by determining the conditions that the | 
x —a++t(y—8)=0 should be a tangent to the curve. 


Writing p=a+8, and eliminating y from (2), we shall ob 
(pit) (da? — dpa + pe) = (a c}, 

which will have equal roots if 

(P-E) (Pe + at — 2a?e?) =0; 

the first factor gives a= +c, 8=0, which are the coordinate 
the triple foci S and H. As regards the other factor, we obs¢ 
that when c./2><a, in which case the Cassinian is bipartite, 
obtain pe= +a(2¢c? — a$, which gives a= t a(2¢ — a?)*/o, B 
hence in this case there is a pair of real single foci on 
axis of æ. But when c/2<a, in which case the Cassiniar 
unipartite, we obtain pc= ł a (@? — 20°), which gives 
f= + a(a?— 2c*)*/c ; hence in this case there is a pair of © 
foci on the axis of y. When a=c¥2, the curve become 
lemniscate, and the origin is a double focus formed by 
union of the foregoing pair of single foci. It can also 
shown that the two single foci lie inside or outside the cu 
according as the Cassinian is bipartite or unipartite. 


We shall now give some properties of the curve. 
248. Jf P bea point on the curve, straight lines drawn j 


the foci perpendicular to SP, HP will meet the tangent at 1 
points equidistant from P. 


i 
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Let SP=r, HP=r'; draw SK, HK’ perpendicular to SP 
P meeting the tangent at Pin K, K'. Let SPK = ¢, HPK’= $'. 


K 


obtain r sec ġ = 7 sec ġ'; whence PK = PK’. 
249. If the normal at P meet SH in G, and C be the middle 
point of SH, the angles SPG and CPH are equal ; also 
EE HAP :: SG HG. 
Draw PC meeting SH in C, such that the angle CPH = SPG; 
i HC sinCPH sinSPG_cos¢ 
ro è sn — sn sm 
hence HC sin C = r' cos ġ. l 
Similarly SC sin C =r cos ¢’= HC sin C, since r’ cos =r cos ©’; 
thence SC = HC. Therefore C is the middle point of SH. 
Again, if SY, HZ are perpendicular to PK, 
SP?=PK.PY; HP=PK'.PZ, 
and PK =PK’ whence 
SP?: HP?:: PY : PZ, 
wS HG. 
© 250. Straight lines are drawn from S, H and C perpendicular 
to SP, HP, CP respectively, meeting the normal at P in L, M and 
T; prove that if p be the radius of curvature at P 
1 1 JE 
PL {P PM = PN aa p : 
Let PSH = 6, PHS =0', POS =x, PGS=y¥; then 


ds 
PL =r cosec $= — Fo» 


ds i iis 

PM = ae: UIE 

1 1 dð dé’ 

| whence pies dae’ ds. . 
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Also %=64+CPH=0+SPG=0+47—-4, 


y= +r- 
6+F7=46+¢, 
whence y+ty=0 0+, 
d? dô d d 
and therefore b wen a + T 


l yol 
i PL PM PN* > 


251. The equation of the curve in terms of p and r is 


rp (œ — e) +a = 4 (r+ a4), 


Let CP=r, p the perpendicular from C on to the tang 
at P. Draw SB, HB’ Ww o to CP; then 


1 _ sing , sing’ 
pet zi~ SP t HP 


_ HPsingd+SP sing’ 


a? — ¢? 
_ PB’+PB 
= 
2r 
i A 
1 
and py 
4 2r ld 
thence, by Sit E 
whence, by § 250, fae 
Integrating rp = JON rA 
2(a?—c) 


To find the constant, we observe that at each of the vert 
rand p are each equal to a, whence A = 4 (at — 2a) (a? — e) 


rp (a? — è) + atd = $ (r+ a), 


This shows that the radius of curvature may be expresse 
the form 
2 (æ -= e)re 
air 374 — at + 2E 
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At a point of inflexion p =œ, whence the eight points of 
MHexion are given by the equation 3rt =q! — 2a%?, which in 
combination with (3) gives 


cos 20 = + a (a? — 2c%)/c? y3. 


The positive sign may give a real value of 6, but the corre- 
sponding value of r will be imaginary. Taking the lower sign, there 
ill be four real points of inflexion provided the value of cos 26 
is less than unity, which requires that c./3 >a. Hence the con- 
itions for four real points of inflexion are that c43 >a > cy2. 
When c /3 =a, the Cassinian has two real points of undulation. 


The preceding argument shows that it is possible for a quartic 
o have all its points of inflexion imaginary ; since an anautotomic 
‘quartic which is approximating to the form of a Cassinian having 
[eight imaginary points of inflexion, must have all these singulari- 
ies imaginary. 


952. A Cassinian is described whose foci are the points of 
‘intersection of the directrix with the asymptotes of a hyperbola ; 
rove that the tangents at the points where it meets the auxiliary 
‘circle are tangents to the hyperbola, and that the normals at these 
points pass through the focus of the hyperbola. 

Let K, K' be the foci of the Cassinian, C the centre of the 
typerbola, CX its transverse axis, P the point where the Cas- 


K’ 

sinian meets the auxiliary circle. Let GPS be the normal at es ; 
KOK =a, XCP = 8; draw PN perpendicular to KK’; join KP, 
EP, CP. 


By § 249 
KPG = K'PX, 
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also CPK =CKP =47-4(a-8) 

=}0-KK’P=K'PN, 
whence KPN=K'PC, 
and therefore CSP = GPN = XPO, 


whence the triangles CSP and CPX are similar, and therefc 
CS.CX =CP?=CkK*. Hence S is the focus of the hyperbo 
also the tangent at P to the Cassinian, which is perpendicular 
SP, touches the hyperbola. 


The Lemniscate of Bernoulli. 


253. When a = c42, the Cassinian becomes the lemniscate 
Bernoulli, and its equation is 


r? = a’ cos 26, 
or (£ + yY = a? (a? — y’). 
The form of the curve is that of a figure of eight, the orig 
being a biflecnode, the tangents at which are at right angles. 


The lemniscate also possesses the double property of being t 
inverse and also the pedal of a rectangular hyperbola with respe 
to its centre. 


All the properties which we have already proved for t 
Cassinian hold good in the case of the lemniscate; we add t 
following additional ones, which the reader can easily prove. 


Let P be the foot of the perpendicular from the centre C 
to the tangent at any point Q of a rectangular hyperbola; CY tl 


perpendicular from C on to the tangent at P to the lemniscat 
also let 


¢=CPY, 6=PCA, y=YCA: 
p=CY, Cå =a, 
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- QCA = ACP =6, 
@=CPY = CQP= $r =- 20 oo... (1), 
Nd ee ee oe (2), 
(RE S E Jee va ean ee (3), 
p= a® cos ne ee te (4) 


Equation (4) is the pedal and also the tangential polar 
quation of the lemniscate. 


_ Also since the p and r equation of a rectangular hyperbola is 
Q . CP = a’, it follows from (3) that 


nd the tangential equation is 

27 at (EH PF = [4 — a? (EF — P) 0. ence eee (i 
“which shows that the curve is of the sixth class, a result which 
“follows from the fact that it belongs to species VII. 

254. To find the p and r equation referred to a focus. 


Let SP=r, HP=r', CP=R; then since C is the middle 


voint of SH, 
P+ 7? = 2R + a’, 


also r =a, 


Ry2=r —-r=ła]r-r. 


By (5) 
jet R 3 āū F. 
rd p @ 2ry2 a2’ 
~ whence . 2 /2a%p = (8a? — 2r°) r. 


255. The angular points of an equilateral triangle move round 
the circumference of a circle; prove that the locus of the foci of all 
rectangular hyperbolas which circumscribe the triangle and have a 
| gwen centre is a lemmscate. 
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Let ABC be the triangle, M its orthocentre, O the centre 
the hyperbola. Then N is a fixed point and OW a fixed li 


also since O lies on the nine-point circle of the triangle, and W 
the centre of the latter, 

N=NH=tR. 

Let OL be the asymptote, and S the focus of the hyperbo! 

let NOS=¢. Then if OF meet the hyperbola in P, OF =. 

and from the equation of a rectangular hyperbola referred to` 

asymptotes 


OS? = 40P? sin LOP cos LOP = 20P? sin OFC. 


Also from the equation referred to a pair of conjug 


diameters 
AF =0F—0FP; 


but 
AE=4R/3, OE = 20N cos NEO = Rsin OFC, 
whence 
OS? = 4 Fè (4 sin? OEC — 3 sin OEC) 
= — 4 R* sin 30ẸEC. 
But OEC =2LOE = 2 ($r — ¢ — OEO), 
whence OS? = 4 R sin 2¢, 


and therefore the locus of S is a lemniscate. 


256. To find the equation of the evolute of a lemniscate. 


In the figure to § 253, let O be the centre of curvature 
P, Q the corresponding point on the rectangular hyperbola whi 
is the first negative pedal of the lemniscate. Let the normal 
P meet CQ in K. Then 
0 = QCA = ACP =}3CPK, 
whence KC = KP = KQ. 
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Let CQ =r’, then by § 253, 
p=4r', and OK =1r', 

thence if (x, y) be coordinates of O, 
æ = $9’ cos 0 + tr’ cos 30 = 2r cos? 0, 
y =$r sin 0 — dr’ sin 30 = 2r sin? 6, 
vhence a + yt = (3r; 
at — y? = (2 r”^È (cost 0 — sini 0) 

= (2r’)* cos 26, 
whence (at + y?) (at — y$) = $r” cos 26 
4 y2 


= ja ; 
which is the equation of the evolute. 


_ 257. The lemniscate of Bernoulli, being the pedal of a 
‘rectangular hyperbola with respect to its centre, belongs to the 
lass of curves included in the equation 


( x $ Y = Qg? ab by, 


Which is the pedal and also the inverse of a central conic with 
| Tespect to its centre. These curves are trinodal quartics having a 
air of ordinary nodes at the circular points, and a biflecnode at 
the origin which will be complex or real according as the conic is 
‘an ellipse or hyperbola. They are also included in the equation 
e+ cy = c sec (E + cn), and are one of the few classes of curves 
Whose potentials can be completely investigated. The two points 
which are the inverses of the foci of the conic, and also the 
jiflecnode at the origin, are double foci. It also follows that if 
v and y are tangential coordinates, the preceding equation repre- 
sents the first negative pedal of a central conic with respect to 
its centre; hence Pliicker’s numbers for the pedal are n=6, 
B= 4, e=6, m=4, 7=3, 1=0. 


The Lemniscate of Gerono. 


258. This curve has been sometimes confounded with Ber- 
Houlli’s lemniscate, owing to its form being that of a figure of 
ight. It may be constructed as follows. Let P be any point 
n a circle whose centre is C and radinsa; draw PM perpendicular 


{ 
f 
m P / 
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to any diameter CA, and PN perpendicular to the tangent at 
Join CN and let it intersect PM at Q. Then the locus of Q 
the curve in question, and its equation is 


aí = a° (2t = y’) 0 0c c ce os « cleeteleigl stn (1 ). 


The curve has a biflecnode at the origin, and a tacnode 
infinity, and therefore belongs to species VII. To prove t 


axes of z and y are the sides BC, BA, whilst the line at infinity 
the third side of the triangle of reference; then (1) becomes 


of = a? (7° — a) Benne ae (2). 

Now if in (16) of § 165 we interchange 8 and y, the resulti 
equation represents a quartic having a tacnode at A and the li 
8=0 or AC as the tacnodal tangent; and if in the resulti 
equation we put A=p=0, v,=0, v =— wy’, it reduces to (2). 


The Oval of Descartes. 


259. The oval of Descartes is the locus of a point P whi 
moves so that its distances from two fixed points F, F, a 
connected by the relation 


FP +mF,P =a, 
where m and a are constants. 


The two points F, F,, as well as a third point F, (see § 2¢ 
will be provisionally called the foci; and we shall prove in § 2 
that these three points satisfy Pliicker’s definition of foci. 


Let FP =r, F,P =r,, FF,=c, PFF,=6, then the polar egi 
tion of the curve is 


T° (1 — m?) — 2r (a — m?c cos 8) + a? = me = 0...... (1) 
If this equation is written in the form 
{r* (1 — m?) + Zmex + a? — me} = 407? 


it is identical with what (12) of § 200 becomes when a=b; and 
therefore a cartesian. 


If the curve be defined by the equation 


ya aTr ME sosocsooeoen s e e TT (2 3 
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it follows that r, r, and c are essentially positive quantities, whilst 
m and a may have any positive or negative values subject to the 
“condition that (2) should represent a real curve. If, on the other 
hand, the curve be defined by the polar equation (1), c may be 
f egative, in which case we shall obtain a more general species of 

curves which possess two cusps at the circular points, and are 
therefore cartesians, but which cannot be generated by Descartes’ 


| We shall now show how to determine the limiting values of m 
and a in order that the curve may be real*. 


Let OX, OY be two rectangular axes; OA=OB=c; draw 
AP, Bp perpendicular to AB. Let r,r be vectorial coordinates 
of a point referred to F, F, as foci, where FF, =c; and let =r, 
y =r, be the coordinates of a point Q in the plane XOY referred 
to OX, OY as axes. 

The condition that Q should lie within the rectangle PABp is 
that pM > QM > PM; but 


pM =A’M=rr+e, 
PM=AM=r-ce, 


re F, F, and radii r, r, should cut one another; this requires that 


r+e>rn>r-e. 


accordingly the condition becomes 


r+e>r>7r —C. A A M 


Hence all points lying within the rectangle PABp correspond 
to real points in vectorial coordinates; and all points lying outside 
it to imaginary points. Accordingly the condition that the equa- 
tion r+ mr, =a should represent a real curve is the same as the 
condition that the straight line «+ my=4 should cut the rect- 
angle. 


Let this straight line cut the axes in D and E; then there will 
be four cases to consider according as D lies (1) on OA produced, 
" Gi) between O and 4, (iii) between O and A’, (iv) on OA" pro- 
* Crofton, Proc. Lond. Math. Soc. vol. 1. p. 5. 


S. Roberts, Ibid. vol. mt. p. 106. 
f Cayley, Ibid. p. 181. 
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duced. Recollecting that OD = a, OE =a/m, we obtain the folli 
ing results :— 


Case I. a>c; o>m>-—I. 
Case II. c>a>0; a/e>m>—o. 
Case III. 0>a>-—c; ale>m>—o. 
Case IV. —c>a>—07;—-—l>m>-o. 


If a or m lie outside these limits, the curve is imaginary. 


Cases I. and IV. 


261. We shall now examine the geometrical meaning of tk 
conditions, and we shall find it convenient to begin with the t 
ovals 


in which a >c and l1>m>0. 


With F as a centre describe a circle whose radius FR=a. ( 
FR take two points P and Q such that 


Then P will be a point on (3) and Q a point on (4); also F 
bisects the angle PF,Q. Let 


FF.R=$, PF,R=a, FRF,=R; 


then Fp =°5!0(¢—2) Q= csin ($ +a) 
sin (B +a)’ sin (R—a) ’ 
whence FP. FQ= c (sin? $ — sin? a) 


sin? Rè — sin? a 
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But sina PR _ 
J snk Fp ™ 
nad sing _a 
sn R c’ 
2 — 22 
ence FP. FQ=——"S 


WP. FO =PE Firea a. (5), 
; a* — me 
Cc = FF, — c(1—m’) Caves ececssccacrasccas (6), 


nd consequently F, is a fixed point. 


262. To prove that F, is the third focus of the curve. 
Let F,P=r,; then since the triangles F,FP and QFF, are 


similar 
| r, FQ QR FQ-a 


€ FQ mP mFQ° 


But r. FQ =cc’, whence 


ma aa A a T E (7). 
Eliminating r between (3) and (7) we get 
Gee ri = (CO — OF) Mae (8). 


From (7) and (8) it follows that a relation similar to (2) exists 
between FP and F,P, and also between FP and FP; whence F, 
s a third focus of the inner oval P. In the same way it can be 
shown that J, is a third focus of the outer oval Q. 
263. If PF, be produced to meet the outer oval in Q’, then 

me. FLY = EF. EVES. 
Produce F,P to R’ so that FR’ =a/m; then since 

FP + PR =a/m, 


and FP +miP,P =a, 

we obtain mPR’ = FP. 

Similarly mQ'R’ = FQ, 
hence Fe = ae =m, 
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and therefore FR’ bisects the external angle PFL. Let 
FFR=6, PFR=RFL =a, 


then proceeding in exactly the same way as in § 261, it can 
shown that 


v—C¢c | 
FP. rQ = iOa I LES... eee (9). 


Hence the circle circumscribing PFQ passes through F,. 
264. If FP be produced to meet the inner oval in P’, then 
P,P FP = FF, FP. 


Produce F,P to R, so that F,R,=c'/m; then 
P,P + PR, =c'/m, 


also by (7) FLP+FP.alme=c'/m, 
whence PR,= FP .a/me. 
Similarly P'R,= FP’, a/me, 
whence r ee 


PR PR a’ 
and therefore FR, bisects the external angle P’FM. Putting 
FFR, =¢ġ, P'FR,= RFM =a, 


and proceeding as before, we obtain 
/ oe 

PLP FP = Gomi eh. EP ccc ccce coves (10). 

265. We must now examine the positions of the foci wi 


respect to the curve. 


Let (3) cut the line FF, in A and B, where A lies on the k 
of F’; then 


FA = 


a—me Prat e w 

Lem " a Lae 
Since a>c and m <1, it follows that FA and F,B are be 

positive, and therefore the foci FF, lie inside the oval (3). 


The only values of r and r, which simultaneously satisfy ( 
and (4) are r=a, r,=0; but when 7,=0, r=c, and since a> 
this is impossible, and therefore the ovals do not intersect; 
result which might be foreseen from the fact that a qua 
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annot have four double points. Whence the oval (3) lies inside 
he oval (4), and the foci F and F, lie within both ovals. 


Q’ 
T Let the oval (4) cut FF, in C and D, where C lies on the left 
f F: then 


_ a-—me 2 _ (a—me)(a—c) 
ea, FF, BD = eas , 


rhence FF, > FD and therefore F, lies outside both ovals. 


The three equations (5), (9) and (10) are fundamental ones in 
he theory of these curves. The first one shows that each oval is 
he inverse of the other with respect to the internal focus F'; the 
‘second shows that either oval turned through two right angles is 
‘the inverse of the other with regard to the central focus F,; 
hilst the third shows that each oval is its own inverse with 
espect to the external focus F,. Also the two tangents drawn 
rom F, to the inner and outer ovals respectively are equal. 


A pair of ovals which possess these focal properties are called 
onjugate ovals; and their forms when a >c, m< l are shown in 
the figure. 


266. When m=1, F,P = PR, see figure to § 261, whence the 
PRF = PF,R = REQ; 

ccordingly F,Q is parallel to FP, also from (6) FF, = œ. In this 
ase every point of the outer oval and also the external focus 


B. c. Ag 
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move off to infinity, whilst the inner oval becomes an elli 
whose foci are F and F, and whose major axis is a. 


When m > 1 and a > mc, the oval (4) becomes imaginary, | 
the line F,Q now cuts PF produced so that F,R bisects t 
external angle of the triangle F,PQ; hence 

QR P 
PO Pe 
also since 


FQ + FR = QR =mFQ, 


the locus of Q is the oval 
TEOEM oosoenene. i (11). 
Writing (3) and (11) in the forms 


r+7/m=a/m 

r,—7/m=alm 
it follows that if a > me, these ovals are of the same species as 1 
pair of conjugate ovals we have previously been discussing, b 
the foci F and F, are interchanged. Also writing (11) in t 
form r— mr, =— a, it follows that (11) belongs to Case IV. 
which @ and m are negative quantities which are numerica 
greater than c and 1l respectively. 


From (6) it follows that FF, is negative, so that F; lies on t 
left of F, and its value is (a? — m?c?)/c (m? — 1). 

When m=a/c, FF,=0, and F, coincides with F; also b 
ovals pass through F since (12) are satisfied by 7,=c,r=0. 1 
polar equations of the ovals referred to the focus F are 


r (a? — c?) = 2ac (a cos 0 F c), 
the upper and lower signs being used for the internal and extei 
ovals respectively. But when polar coordinates are emplo 
negative as well as positive values of r are admissible, whe 
both ovals are included in the equation 

r (a? — c*) = 2ac (a COSA —C) e (13), 
which is a hyperbolic limaçon whose node is at F, which is al 
double focus. The focus F, lies inside the internal loop. 

Lastly let m>a/c; then from (6) c’ is positive, and there 
F, lies on the right of F; but FF, > FF,, so that F, now beet 
the middle and F the external focus. To find the conjugate o 
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‘produce FP to R so that F,R = ajm, and on F,R take a point Q 
such that angle QF R=RFP; then since by (3) the locus of P 


may be written FP + FP/m = 
whence 


RP -RQ 1 
bi 


a/m, it follows that RP = FP/m, 
FP > FQ m’ 


FQ — FQ/m = F,R = ajm, 
‘and therefore the locus of Q is the oval 


It can also be shown as in § 261 that 
a? — e 
HP. FQ = 6 = a. BF, 


and consequently Q is a point on the conjugate oval, which by 
(14) belongs to Case IV. 


. Cases TI. and ITT. 


| 267. In Case II,c>a>0, a/e>m>—o; but we shall find 
it convenient to begin by discussing the two ovals 


f a) 0 m a asan (15), 


. OLE = ee err (16), 
im which m is a positive quantity lying between a/c and 0. 
In the figure FR =a, whilst P and Q are two points such that 


Tae, T 
FP a FQ F ' Q 
whence (15) and (16) are the equations of 
the loci of P and Q respectively. We can 
also prove as before that 


F 2 l 
2 — mr? 
FQ. FP = FF, . FF, = od =" ; 


accordingly as long as m lies between 0 and a/c, the value of F, is 
positive and less than c, whence F, is the central focus and F, the 
external one. 


When m=O, both ovals coalesce into a circle of radius @ 
Whose inverse points are F, F. When me =a, FF,=0 ii 
12—2 
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F, as well as Q ooincide with F; and the locus of P is 


lliptic limaçon 
F- z r (c? — a?) = 2ac (c — a cos 0), 


the two foci of which are F and F,. The point F is a conjug 
point and also a double focus. 


When 1>m>a/c, the value of c’ becomes negative and 
lies to the left of F, so that F now becomes the middle focus ¿ 
the oval (16) becomes imaginary. To find the conjugate oval 
observe that Q now lies on PF produced, whence it can be she 
as before that the locus of Q is the conjugate oval 


which is one of the curves belonging to Case III. 


When m= 1, F, moves off to — æ, whilst (15) becomes 1 
right-hand branch and (17) becomes the left-hand one of a hyy 
bola, whose foci are F and F,, and whose major axis is a. 


When m> 1, c and also c’—c are both positive, and theref 
F, lies on the right of F, and is therefore the external focus. 


The locus of P is given by (15), which may be written 
T, +tajm=rjm. e (18) 


To find the conjugate oval, produce PF, to R so 
F\R=a/m; draw FQ so that the angle QFR = RFP. Then 
(18), FP/m = F,P + F,R = PR; whence 


ey 
” PR ie 
accordingly the locus of Q is 
FQ — mF,Q = — a, 
which belongs to Case III. 


Also if F,FR=¢, PFR = RFQ = a, it can be shown as be 
that 


n 


PP Toe e 


m’ — l 


) 


and therefore Q is a point on the conjugate oval. 


The oval of Descartes belongs to species VI, for which Plüc 
numbers are n= 4, §=0, e=2, m=6, r=1, 1=8 ; whilst 
two limaçons belong to species IX, for which n=4, 8=1, 4 
m=4, r=1, .=2, 
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Having classitied the oval of Descartes, we shall add a few 
operties of the curve. 


268. If a radius vector be drawn from the focus F cutting two 
onjugate ovals in P and Q, the tangents at P and Q intersect at 
ie middle point of the arc PQ of the circle passing through 
ROFF. l 


If the equation of the inner and outer ovals be 


rim =a, 


Q 


we obtain dr/ds + mdr,/ds =0, 

whence cos b = m cos dy. 

We have shown that FP. FQ = FF, . FF, whence a circle 
an be described round PQF,F,. Let S be the middle point of 
PQ; draw ST at right angles to PQ cutting the circle in 7’; join 
TP, TQ. Let FPG=9, F,\PT=¢,; then 


$ =TPQ = TOP, 
= TPF, = TQF,, 
whence F,PQ=¢ġ+¢ġ,, FRQP=¢- Q. 
Now FP +mF,P =a=FQ—mF,Q, 
whence 
m(F,P + F,Q)= PR = FQ cos ($ — $,) + FP cos (h + Qı). 

But | 

F,P FR 


n(A) sino + fr)’ 
substituting and reducing we get 
cos @ = M COS fi, 
Which shows that TP is the tangent at P. Similarly TQ is the 


tangent at Q. 
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ow 


269. The tangent at P bisects the angle between the foc 
distance FP and the tangent at P to the circle through P,PF,. 


If PL be the tangent to the circle, 
FPG =TPQ=TQP=GPL. 


270. The locus of S the middle point of PQ 1s a limaçon. 


The polar equation, when F is the origin, is given by (1 
whence 


FS =} (r, +12) =(a—m’c cos 6)/(1 — m°). 


All the preceding propositions hold good for either of th 
other two foci, provided P and Q are points satisfying the foce 
properties (9) and (10). The footnote* contains a list of som 
recent memoirs on this curve. 


271. If any chord cut a cartesian in four points, the sum o 
ats distances from any focus is constant. 


The equation of a cartesian referred to any focus is 


+ 2r(a+bcos 0)+ &=0; 


let the equation of any straight line be r(A cos0 + Bsin 0)=1 
then if we eliminate 0 between these two equations, we shal 
obtain a quartic equation for r, in which the coefficient of 1° 1 
equal to 4a. 4 


272. A cartesian has eight points of inflexion, and since the 
curvature at such points vanishes and changes sign, the radius o 
curvature becomes infinite at a point of inflexion. Hence th 
denominator of the expression for the radius of curvature, whe 
equated to zero, furnishes the equation of the curve which passe 
through the points of inflexion; and in the case of a cartesia 
the curve is a circular cubic, whose equation may be found fron 
that of the curve by equating the value of d?y/da* to zero. 


The last two propositions are true for all cartesians. 


* Genocchi, Noun, Ann. 1855; Mathesis, 1884. 
Zeuthen, Ibid. 1864, p. 304. 
Sylvester, Phil. Mag. vol. xxx1. 1866. 
D'Ocagne, Comp. Rend. 1883, p. 1424. 
Liguine, Bull. de Darboux, 1882; Interm. des Math. 1896, p. 238. 
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Foci. 


© 273. To prove that the three points F, F,, F, satisfy Pliicker’s 
definition of a focus. 


The equation of an oval of Descartes referred to the point F is 
(1 Be M?) + meg + a? — mic}? = 4a%7......... (19) 

and the points where the line æ +y =0 intersects (19) are deter- 

mined by the equation 

(mce + a? — mc? = 0, 

which shows that this line is a tangent to the curve. In the 


same way it can be shown that the line æ—ıy=0 is also a 
angent; whence the point F satisfies Pliicker’s definition of a 


Since the polar equation of the curve referred to F, and ~F, is 
of the same form as (19), it follows that these points are also 
foci. 


Since cartesians are bicuspidal quartics of the sixth class, it 
follows that these curves have one triple and three single foci. 
‘he latter have already been determined; the former may be 
obtained by considering the bicuspidal quartic 

{By (1 — m?) + mc (B +y) a+ (a? — mic?) a} = 4072? By, 


which reduces to a cartesian when B and C are the circular 
points, and a the line at infinity. The two cuspidal tangents are 


B(1—m?)+ mca =0, 

y (1 —m?) + m’ca = 0, 

which, when retransformed into Cartesian coordinates, become 
(w + wy) (1 —m?) + mc =0, 

which intersect at the real point 

e=—mcf(1—m?), Y= serere (20), 
which is the triple focus. 


If the origin be transferred to the triple focus, it will be found 
That the curve assumes the form S?+L2=0; whence the triple 
focus is the centre of the focal circle. 
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274. We have shown in § 267 that when m=a/c the cur 
becomes a limacon, and that two of the single foci coincide at t 
node, which becomes a double focus which agrees with § 21 
whilst the single focus lies without or within the curve accordi 
as the limagon is elliptic or hyperbolic. The distance of the trip 
focus from the node is a*c/(a? — cè). | 


275. To find the corresponding results for a cardioid, 
a=c=(1—m’)A in (1) of § 259, divide out by 1 — m?, and tk 
put m = 1, and we obtain 

r=2A (1 — cos 0). 


Hence c=0, and by (6) of § 261 č = 0, accordingly the cusp 
a triple focus, which agrees with § 212. The other triple foe 
lies within the curve and on the left-hand side of the cuspid 
focus, from which its distance is equal to — A, or one-fourth of tk 
distance of the cusp from the vertex. 


276. We shall lastly consider the case of a cartesian 
three collinear foci, two of which are imaginary. 


Writing 
a whic w at e u 7 
ie EE = = ae ' — D00000 (21), 
the equation of the curve may be written 
(12 + 2fr + ÈY = 4AT eee eee (22). 


To determine the single foci, we must find the condition th 
the line c—-a+s(y—8)=0 should touch the curve; wher 
putting a +8 = p, and eliminating y from (22), we obtain 


40° (p +f — 4e ((p +f) (p* — 5) — 2A%p} + (p — 88 + 4A%p?: 


and the condition that the roots of this quadratic should be equ 
i8 that i 

P {Pf + p(& +f? — A) + fo%} = 0. 

i The factor p=0 gives a=0, 8=0 which determines t 

origin, which by hypothesis is the real single focus; whilst tl 

other factor determines the remaining single foci. Now if t 

roots of the equation 


Pf + p (E +f? — A) 4/5 = 0 eee (23) 


be real, we must have 8 =0, a=p, in which case there will be 
pair of real single foci on the axis of 2. It will also be found th 
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m and a be eliminated from (21), the result is (23) with c 
substituted for p. If however the roots of (23) are complex and 


qual to P +Q, the equations of the two tangents drawn from one 
‘the circular points are 


a+wy=P+.Q, x+ty=P-.Q, 


hilst the equations of the two tangents drawn from the other 
ircular point are 


a—w=P+Q, 2-w=P-.Q. 
These four straight lines intersect in the points 
ce=P+.iQ, y=0, 
a= P, y= 
“= P, yE =Q, 
e=P-—.Q, y=0. 


Hence there are two imaginary foci which lie on the axis of z, 
md two real ones which are determined by the equations 


=P, y= +t Q. 
The latter foci together with the origin are the only real single 


oci which the curve possesses. 


277. The coordinates of the points where (22) cuts the axis 
of x are determined by the equation 


fa? + 2( f+ A)x+&} {a? +2(f—A)ax +} =0, 


ind the condition that the values of æ, obtained by equating both 
factors to zero, should be real is that 


(8+f+A)(S5—f- A) and (€ +f- A) (è -f+ A)...(24) 
should be both negative. Now the condition that the roots of 
(23) should be real is that 

CET AAE A= A =A) 

should be positive. Hence it follows from (24) that when the 
three collinear foci are all real the curve cuts the axis in four real 


points, but when two of these foci are imaginary, the curve cuts 
the axis in two real and two imaginary points. 
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Two of the forms of the curve in the latter case are shown 
the figure, and further information will be = in Cayle 
Memoir on Caustics*. 


The Limacon. 


278. We have shown in § 266 that a limaçon is a particule 
case of an oval of Descartes in which two of the foci coincid 
It is, however, more usual to define this curve as the inverse of: 
conic with respect to its focus. The polar equation of a conic is 


l/r =1—ecos 0, 


whence the polar equation of a limaçon is 


where b/a=e. The curve is therefore the inverse of an ellipse 
a hyperbola according as a > or < b; in the former case it is cal e 
an elliptic limaçon and in the latter a hyperbolic limaçon. Th 
curve appears to have been first studied by Pascal, who so name 
it from a fancied resemblance to the form of a snail. When a= 
the curve is the inverse of a parabola with respect to its focus an 
is called a cardioid. 


The Elliptic Limaçon. 


279. The form of the elliptic limaçon is shown in the figur 
The origin F is the point where the two internal foci of an oval ¢ 
Descartes unite, and is also a conjugate point; whilst the extern 
focus F', is the inverse of the other focus of the ellipse. Since th 
limaçon has a node at the origin and a pair of imaginary cusps : 


° Phil. Trans. 1857, p. 273; Collected Papers, vol. 11. p. 336. 
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he circular points, it belongs to the ninth species of quartics for 
hich Pliicker’s numbers are n= 4, 6=1, x=2, m=4, T=1..=2 
F 0, and therefore has a triple focus, which is the point of intone 
section of the cuspidal tangents at the circular points. 


280. To find the position of the triple focus. 
Transform (1) into trilinear coordinates by writing 

B=atwy, y=aua-v, L=1, 
and it becomes {By + 4b (8 + y) Ll}? =al*By. 
The cuspidal tangents at the circular points (8, I) and (y, I) 
are 2y+bI=0 and 28+b/=9, or in Cartesian coordinates 
o— y +4b=0, x+y +4b=0, which intersect at the point 
¢=— 4b, y=0, which is therefore the triple focus. 
From (1) we obtain 
| FA=a-b, FB=a+b, AB = 24a, 
from which it follows that if a point A’ be taken on the opposite 
side of F such that FA’=F'A, and S be the triple focus, 
FS=iA’'B. Also the distance FF, can easily be shown to be 
equal to 4 (a? — b?)/b, from which it follows that AF, = (a — b)*/26, 
and is therefore positive; whence F; lies outside the curve. The 
vectorial equation of the curve is 


a pee CS eee (2), 
which shows that F and F, possess the properties of foci. 
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281. Putting F,P =n, PFF = 0,, $4 (œ — b)/b = f = FF, 
polar equation of the curve referred to F; is 

re — r, (b + a? cos 6,)/b + f? = (3) 

Whence if F, PQ be any chord, the locus of the middle point 

PQ is the hyperbolic limaçon 

r = 4(b + deos 0,)/b..... a (4), 

also FP . FR = Fe (5). 


Equation (5) shows (i) that the curve is its own inverse wi 
respect to the external focus F,, which is therefore a centre 
inversion; (ii) that the triangles F,QF and FF,P are similar; (i 
that the circle circumscribing FPQ touches FF, at F. Also fr 
the properties of inverse curves, the angles TPQ and TQP, ma 
by the tangents at P and Q with F,P, are equal. 


282. Let the tangent at P meet FF, in L; let FPL= 
PLF, =; then : 
tan $ = (a — bcos 0)/b sin 8, 

a cos 6 — b.cos.26 
tay = ian 

The form of the curve shows that at the point of contact 
the double tangent, $ = 4r — 0, whence 

cos =4a/b, ræġa...e.. (6). 


Accordingly the points of contact of the double tangent 3 
be real if a < 2b. 


Making y a minimum we obtain 
cos 0 = (a? + 20?W/Bab...1......1.0-. a (7), 


which determines the two points of inflexion. In order that tt 
may be real it is necessary that 2,>a>b. When a= 2b, t 
vertex A is a point of undulation. 


283. The Cartesian equation of a limacon is 

(08 + yP + ba) = a (af + g); 
which shows that the origin is a conjugate point or a cruni 
according as the limaçon is elliptic or hyperbolic; also since t 
curve 18 of the ninth species, its reciprocal polar is another quai 
of the same species. When 2b >a >b, the reciprocal curve ł} 
two real cusps, one crunode, a real double tangent touching | 
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gurve at two imaginary points, and two imaginary points of in- 
exion. When 2b=a, the vertex A becomes a point of undula- 
tion, and the reciprocal singularity is a triple point composed of a 
runode and two real cusps. When a> 20 the points of inflexion 
on the limaçon are imaginary, and the double tangent touches the 
Curve at two imaginary points ; hence the reciprocal curve has two 
Imaginary cusps and a conjugate point. 
When a < b, the limaçon is hyperbolic, and has two imaginary 
points of inflexion and a double tangent touching it at two real 
ints. Hence the reciprocal curve has a crunode, two imaginary 
cusps, a double tangent touching the curve at two real points, and 
bwo imaginary points of inflexion. 
The reader will find it an instructive exercise to trace the form 
‘of the reciprocal curve when the origin of reciprocation moves 
along the axis of x from plus to minus infinity. When the limagon 
is elliptic and has two real points of inflexion, the form of the 
eciprocal curve, when the origin lies between the vertex B and 
the point of intersection of the two stationary tangents, resembles 
hat of figure 5 of § 159. 


284. The limaçon is the pedal of a circle with respect to any 
point in its plane. 

Let O be the point, C the centre of the circle; and draw OZ 
perpendicular to the tangent at any point P on the circle. ‘Let 
eP=a,CO=b, PCO =0. Then 

OY=a—bcos ð, 

whence the locus of Y is an elliptic or hyperbolic limagon accord- 
ing as O lies within or without the circle. When O lies on the 
“circle, a =b, and the pedal is a cardioid. 

285. If T be the middle point of the are PQ of the circle 
circumscribing FPQ (see fig. to § 279), then TP, TQ are the 
tangents at P and Q. 

Let FPL=4¢, F,PL= ¢,; then differentiating (2) with respect 


to s we obtain 


æ COS h = b COS Qyereeeeeeererneerereee ers (8), 
which gives the relation between the angles which the tangent 
makes with the two focal distances; whence the theorem can be 
proved in the same manner as the corresponding property of the 
oval of Descartes given in § 268. 
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286. Tangents at the extremities of a chord through the 
ternal focus subtend equal angles at the internal focus; also 
locus of their point of intersection is a cissoid. 


The first part follows at once, since 
TFP = TRP = TPQ = TFQ. 
To prove the second part, let TFF, = x; then, since 07 
perpendicular to PQ, 
X=47-OFT=}3FOT=h47-}8O,; 
whence, if (x, y) be the coordinates of T, 


2 
ia x = cosec? y = sec? 4.6, = - 2 N (9). 


1 + cos 6, 
Let M be the middle point of PQ, then 
OM sin 0, + F, M cos 0, = f = (a? — b?)/2b ; 


also, by (4), F, M = (a? cos 0, + b?)/2b, 
whence O = a Tag 
Also OF =f tan 0, — OM sec 0, 
_ (1 + cosð0,) 
 2sin 0, 

and a = OF sin 0, = $b (1 + cos 0D (10), 
whence by (9) and (10), the locus of T is the cissoid 

a (a? + YEP. aeaea (11). 


287. The locus of the point of intersection of two tangents 
the extremities of a chord through the node is a nodal circul 
cubic. 

The equation of the limagon in Cartesian coordinates is 

(+ y+ ba) = ar (Py) eee (12) 


Let (h, k) be any point; write down its polar cubic, transfor 
to polar coordinates and then eliminate r by means of the pol 
equation of the curve, and we shall obtain 


{(a? — bh) tan? 6 + 2bk tan 6 + a? +b? + bh}? 
= a? (k tan 0 + 2b + h)?(1 + tan? 6), 
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Which is the equation for determining the vectorial angles of the 
our tangents drawn from (h, k) to the curve. 
written in the’ form 


(a? — bh) sin? 6 + bk sin? 6 + (a? + b? + bh) cos? 0 
=a Ík sin 0 +(2b + h) cos O}...(13). 

Let PFP’ be the chord; then if @ be the vectorial angle 
of P, m+0 must be that of Q; whence, if (h, k) be the point 
0 intersection of the tangents at P and P’, (13) must be satis- 
fied by 0 and 7+. This requires that both sides of (13) should 
vanish, whence eliminating 0 between the two equations formed 
by equating both sides of (13) to zero, we obtain 


(a? — bh) (h + 26)? + k (a? — 3b — bh) =0. 
Transferring the origin to the point — 2b, this becomes 
ba: (a? + y?) = (a? + 2b") x? + (a? — b) y? ee, (14), 
which is the inverse of a conic with respect to its vertex. When 


a=b, the limaçon becomes a cardioid and (14) reduces to the 
circle 


This may be 


e+ yY? = 3be, 
i centre of which is the triple focus. 


288. The form of (12) shows that the radius of the focal 
circle is equal to 4a, and that the distance of its centre from 
he nodal focus is equal to 4b. Since the radius 6 of the fixed 
ircle vanishes on account of the limacon being the inverse of 
a conic, the theorem of § 206 becomes :— 


If from the nodal focus F a line be drawn to meet the curve 
m P, and if FQ be drawn to meet the normal at P in Q, such 
hat the angle FPQ = PFQ, the locus of Q is the focal circle. 


Also if F, be the external focus, the theorem becomes :— 
If from the external focus F, a chord F,PQ be drawn, the 
es at P and Q intersect on the focal circle corresponding 
289. To find the p and r equation of the curve. 
_ We have, by the ordinary formulae, 
1 p=rsinġ, bsin0 =r cot ¢, 
2a1n2 
T? ee b? sin 0 


whence A = 7 
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Eliminating @ by (1), we get 
r= p (b? — a + Zar) .. (14 


É wh _ wae r(bt— a? + 2ar) 
by (2), whence P=" dp pe- 2a + Bar)’ 


It is shown in treatises on optics that the evolute of a limag 
is the caustic by reflexion of a circle. The evolute is a curve 
the sixth degree*. 


290. If a triangle be inscribed in a given circle, whose ver 
A is fixed, and whose vertical angle A is constant, the locus of i 
centres of the inscribed and escribed circles is a limaçon. 


Let O be the centre of the inscribed circle, let AO =r, a 
let @ be the angle which AO makes with the tangent at- 
Then, if R be the radius of the circumscribing circle, and 7’ tl 
of the inscribed circle, 


r=2RsingA sin 48 sin 40; 


also r= r cosee $A 

= R {cos 4 (B— C) -— sin } A}. 
Also 6=C+4A=47-4(B-O), 
whence r= R {sin 6 — sin} A}, 


and therefore the locus of O is a limacon. 


291. It can also be proved: (i) that a limaçon is the loc 
of the vertex of a triangle whose sides slide on the circumference 
of two given circles; (ii) that it is the epitrochoid generated — 
a point in the plane of a circle which rolls on another circle 
equal radius. 


The Hyperbolic Limagon. 


292. When a <b, the equation r=a—bcos@ represents 
hyperbolic limaçon ; and the form of the curve, which is shox 
in the figure, consists of an outer portion and a loop. We have 


FA=b-a, FR=b+a, FF, =(b— a*)/20. 


* Heath, Geometrical Optics, p. 111. 


THE HYPERBOLIC LIMACON. 193 


Iso since FA =4(b Ld a/b, it follows that FA > FA, and there- 
re the focus F, lies inside the loop. 


P’ 
The two nodal tangents are inclined at angles + cos™a/b to 
he axis; also if P and Q are two points on the outer portion and 
ie loop respectively, lying on the positive side of the axis, and 
me TA =y, QOFA=y, 

FP=a+beosy, FQ=bcosy’—a, 

nee the corresponding values of 6 are 0=7—x, 0 = 2r — yx. 


The vectorial equation for a point P on the outer portion is 


br, ar =} (D2? — a?) oo... ccesenereoeeenee (1), 
and for a point Q on the loop, 
bri + ar =F (D2 — a?) ccceccecseee eee enees (2). 
Also the polar equation referred to the internal focus F; is 
r2— r (b — a? cos 6,)/b HSS 0 eere (3), 


i ater portions in Q and P, FQ. FPS hE, and that the locus 
‘of S, the middle point of PQ, is the elliptic limaçon 
FS = 4 (b? — a? cos Ee (4). 


194 SPECIAL QUARTICS. 


The loop is therefore the inverse of the outer portion 3 
respect to the internal focus. 


293. It can also be proved, as in §§ 285 and 286, that 
tangents at the extremities of a chord F,QP drawn through i 
internal focus intersect at a point T on the circle circumscrit 

FPQ; that T is the middle point of the are QFP; and that t 
locus of T is the cissoid æ (x° + y’) = by?. 

It can also be shown, as in § 287, that the locus of the int 
section of tangents at the extremities of a chord through tl 
nodal focus is a circular cubic. 


294. The tangents ut the points P and Q subtend at the no 
angles which are supplementary. 


Since the points F'TPQ are concyclic, 
TFP =TQP=TPR =m- 
295. If a chord through the internal focus F, meet the lo 
in Q and Q’, the angles which the tangents at Q and Q make wi 
FQ, FQ are complementary. 


Let O be the centre of the circle through FTPQ; then, sin 
this circle touches BX at F, 


AFT = FOT = 4 FOT = 4 QF, F. 
Similarly, if the tangent at Q’ meet the circle through FQ’ 
in 7”, it follows that 

AFT\= FOOT =e, 

whence AFT + XFT = FOT + FOT 
=} (QEF + QF, PF) = $n, 
therefore the angles XFT and XF1" and also the angles F¢ 
and FQ'T' are complementary. Whence the angle TFT is 
right angle. 
If the chord through F, meets the outer portion in P and J 
a similar proposition holds good; hence the theorem may | 
enunciated as follows :— 
If a chord through the internal focus cut the curve in fo 
points, and these four points be joined to the node, the angi 
which the tungents at any two of these points make with the 
respective radii are equal or complementary y according as the ti 


points are or are not the «inverse points with tii to t 
internal focus. 
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296. If a chord through the internal focus F, cut the outer 
irtion in P, P’ and the loop in Q, Q ; and if the tangents at P 
ad Q intersect at T ; those at P and QY in T” ; those at P and P 
_ T,; and those at Q and Q in T,; then the following relations 
mst between the angle at which any pair of tangents intersect, 
d the angle which the corresponding chord of contact subtends 
t the nodal focus, viz. 


(i) PTQ=PFQ. 

(ii) PTQ =PFQ - 40. 
(iii) PT,P =PFP'—}r. 
(iv) QTQ =}r — QFR'. 


(i) Since the points FTPQ are concyclic, the first proposition 
once follows. 


(ii) From the figure, we have 
Pry = -P=Y-2 

Also PFQ = PFQ + QFQ. 

But PFQ=PIQ=7 — 29, 


and OFF, =FPF,=Q-FPT 
=Q-40=Q-4FF.Q. 
Similarly OFF, =Q -4r +4FFQ, 
whence - QFR'=Q+Q 4r. 
Accordingly PFQ =Q0-Q+27 
= PT’Q' +47. 


(iii) We have 
PT,P' =r -P-P 


=F — Q za Q, 
also since the triangles FF,Q and FPF, are similar 


PFE, = FQF,=7 — Q- Fer 


=7—-Q-40 
a7 — 0-a re 
Similarly PFF,=47 - Q + 4 FF,Q, 


PFP =r -Q-Q =r + PLP. 


13—2 
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(iv) We have 
QTQ =7-Q-Q 
= }r— QQ 
by (11). 


The Trisectria. 


297. One of the most interesting applications of the hyp 
bolic limaçon is the trisection of an angle. This is effected 
means of the trisectrix, which is the name given to the cù 
when b= 2a. 


Let a be the angle which is to be trisected. Through 
vertex A of the loop draw a line PQ 
cutting the trisectrix in P, Q and R sı 
that the angle PAF=a. Join FR, : 
draw AE parallel to FR. Let RFA- 
Then since b = 2a, 


FR=a(2cos 6 +1). 


But 


FR _ sin @ 
a sin(a—6) 


_ (2cos 6—1)?(1 + cos 0) 


= 2 cos 0 +1, 


whence cot? a = (Zcos 8 + DA 0) 
= l + 
— 1 — cos 380” 

therefore cos 30 = cos 2a, 

whence 30 = 2a, 


Accordingly EAF =0=}3a=4PAF, 
whence FA trisects the angle PAF. 


The Cardioid. 
298. When a=b, the limaçon becomes a cardioid, and 
equation may be written in either of the forms 


r=a(1—cos ð) | i 
ri=at/2.sini6 cee reece vtec ersessceosesQ d) 


or (£ +) + 2ax (a + y?) = ary’, 
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The cardioid (i) is the inverse of a parabola with respect to its 
CUS, (ii) it is the pedal of a circle with respect to a point on its 
ircumference, (ili) it belongs to the class of curves 7” = qa” sin n0, 
hose properties have been discussed in § 67. 


We shall prove in the next section that the cardioid also 
elongs to the important class of curves called epicycloids, since 
5 is the curve traced out by a point on a circle which rolls 
utside another circle of equal radius. 


The cusp F of a cardioid is a triple focus, since it is the 
limiting position of the three single foci of an oval of Descartes. 


299. To prove that the cardioid is a one-cusped epicyclord. 


Let P be the point on the rolling circle which initially 
Boincided with F. Then PFN =FOO'=P00=8. Let OF =}a. 
Then if F is the origin 


ON = Ła + r cos 0 = a cos 0 — ġa cos 286, 


whence the locus of P is 

r =a (1 — cos 0). 
It follows from § 280 that the centre of the fixed circle is the 
triple focus corresponding to the point of intersection of the two 
‘imaginary cuspidal tangents. 
It will be shown hereafter that the evolute of an epicycloid is 
nother epicycloid having the same number of cusps; hence the 
volute of a cardioid is another cardioid. 


300. The line PD is obviously the tangent at P, hence 
b= FPY=10. Let A be the vertex, F the cusp; PT the tangent 
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at P, FY perpendicular to PT, AFY=y. Then the follow 
results can be easily proved : 


Freri We ee O 2) 
FY = 2a co fy ........ nee 3 
P 
y 
A a 


The first equation is the p and r equation of the curve; whi 
the second is the pedal with respect to the cusp, or it may 
regarded as the tangential polar equation of the curve. 

Another form of the tangential polar equation is sometim 
useful. Transfer the origin to the triple focus Æ, then sin 
FE = ġa, we obtain 

p=FY-tacosy 
= 4a (4 cos’ ty — cos y) 
= CAE S A (4). 


Equations (3) and (4) are the tangential polar equations | 
the curve referred to the cuspidal focus F and the triple focus 
respectively. 


From (3) or directly, the tangential equation in Boothia 
coordinates is 
27a (P + 4) =2 (2 Fae). ee (5). 


Equation (5) shows that the cubic 
27 (+ y) e= 2 (2e FaF 
is the reciprocal polar of a cardioid ; and if the origin be tran 
ferred to the point æ= 4c, the cubic becomes 
227 = 9c (a? — 3y’), 


which has a crunode at the origin, and therefore two of its thre 
points of inflexion are imaginary. Hence a cardioid has one re 
double tangent, one real cusp at the origin, and two imaginar 
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isps at the circular points at infinity. Also the curve is of the 
Mrd class. The curve accordingly belongs to the tenth division 


~ 301. Cuspidal chords are of constant length; and tangents at 
their extremities intersect at right angles on a fixed circle, whose 
entre is the triple focus. 


Let F be the cusp, C the centre of the circle of which the 
Cardioid is the pedal; Qg any diameter of the circle. Then if Pp 
‘be drawn through F parallel to Qg cutting the tangents at Q and 
i j to the circle in P and p; Pp is a cuspidal chord of the cardioid, 
and is equal to Qq. 


Let the tangents at P, p intersect in 7’; then 


LEF FQP, 
TpP = Fop = FQq = $2 — FQP, 
vhence TPp + TpP =$7, 


and therefore PTp is a right angle. Also the triangles QFy and 
pTP are equal in every respect. 


Join At, Tt, where A is the other extremity of the diameter 
FC; then tp = FP, Tp = FQ, also TpP = PFQ, whence the triangles 
; nt and QFP are equal in every respect, and therefore Ttp = +7, 
and TtA is a straight line. 


Draw TK perpendicular to AT; then since Tt=FR=}At; 
AK =2 AF, and therefore K is a fixed point. The locus is there- 
fore a circle whose centre E is such that FE =} FA. 
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302. It follows from § 68, that the orthoptic locus of 
cardioid must be a sextic curve; hence the circle we have j 
found is only part of the locus. We shall now»prove that :— 


If a chord subtend an angle 4a at the cusp, the tangents at 
extremities of the chord intersect at right angles on the limagon* 


r = ła (y3 — 2 cos 0). 
Let TP, TQ be the tangents, and let TP intersect the cuspi 
tangent at t. Then 
4r = PFR = QFt — PFt 
=2 (FQT — m + FPT), 
whence 2r — T= FQT + FPT + PFQ=}r, 
whence T=7. 
The Cartesian equation of a cardioid is 
(2+ y? + ax)? =a" (a + y’), 
from which it can be shown that the equation of the tangel 
at a point whose vectorial angle is @ is 
xsin 36 — y cos $0 = 2asin®$6............+.- (1). 


Transfer the origin to the point — ja, and write b= $a, and ( 
becomes 


x sin $0 — y cos 80 =b sin $0...........0c0000. (2), 
and the equation of the tangent at the point 6 +47 is 
x cos $0 + y sin $6 =bsin (46 + 47).........05 (3). 


Let 2y = 0, and square and add (2) and (3) and we obtain 
a + y? = b? [sin? y + sin? (y +¢7)} 
= $b? |2 — cos 2y — cos (2x +47)} 
= § b (2 — V3 cos Z) .......068. roiie (4), 
where z= 2% + 4r. 
Eliminating y between (1) and (2) we get 
2x = 2b {sin y sin 3% + sin (x + 47) cos 3y} 
= b {cos 2% — cos 4y + sin (4% + $r) — sin (2% —427)} 
= D (8 cos g — cos 22) susssseseneoenreerana aa E (5). 


* Wolstenholme, Proc. Lond. Math. Soc. vol. Iv. p. 327. 
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Eliminating cos z between (4) and (5) we obtain 
8 (a? + Y? — PYF + 6b? (æ + y? — b) + 3b (Qa — b) =0...... (6). 


Transfer the origin to the point =4b, and the equation 
aduces to 
4 (a? + YF + b (a? + y*) (Sa — 3b) + 46a? = 0, 


r = 4b (v3 — 2 cos 0). 


303. The angular points of a given triangle move round the 
ircumference of a fixed circle; prove that the directrices of the 
stem of parabolas which have a given focus and touch the three 
ides of the triangle envelope a cardioid. 


| Let ABC be the triangle, O its orthocentre, I the centre of 
he circle, S the focus of the system of parabolas. Then it is 

nown from the geometry of the parabola (i) that S lies on the 
‘ircle, (ii) that the directrix of every parabola which touches the 
sides of the triangle passes through the orthocentre, (iii) the pedal 
line of S is the tangent at the vertex of the parabola; hence the 
directrix is parallel to the pedal line KLM. 
Draw JZ perpendicular to the directrix, and let SIZ=y, 
MKC=¢. Then 

p= IZ = 28Y + Rcos y, 
SY = R (cos B + cos ISK) cos $ ; 

ISK = IAS + ASK 

=JAL+SKL+KLA 

; ISK =r- y4 + , 
whence p= 386+ C—A. 
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Accordingly 
p= —2Rcos(A + C)cos d — 2R cos (26 + C- A)cos $ 
+ Roos (36 + C— A) 
= — 2R cos (A + C)cos¢ — Reos(¢ + C— A) 
=—2Rcos(A + C) cos} (Y — C+ 4) -— R cos 4 (4 + 2C — 24) 


Let 
x cos a = 2 cos (A + C) cos} (C — A) + cos 3(C— A), 
«sin a = 2 cos (A + C)sin 4 (C — A)— sin? (C — A), 


then 
£ = 1 — 8 cos A cos B cos C = [0?/ Rè. 


Accordingly (1) becomes 
= — [Q0 cos (4 y — a). 


This is the tangential polar equation of a cardioid referred i 
the centre of the circle, which is the locus of the points of inte 
section of tangents at the extremities of cuspidal chords, 
origin; and the radius of this circle is equal to JO. 


304. A parabola is described touching a gwen circle ai 
having its focus at a gwen point on the circle; prove that t 
envelope of its directrix is a cardiord. 


Let C be the centre of the circle, S the focus of the parabol 
P the point of contact ; draw SX perpendicular to the directi 
and meeting it in X. Let XSP =0, XSC = 4y, SC=c; then 


y—0=CSP=CPS=}8, 
whence 2¥=386. Also 
SX = SP (1 + cos 0) = 2¢ cos* 3 
= 2c cos’ 4 yp, 


which is the tangential polar equation of a cardioid. 


The Conchoid of Nicomedes. 


405. This curve was invented by the Greek geometer Nic 
medes for the purpose of trisecting an angle, and may be describe 
as follows, Let O be a fixed point and AB a fixed straight lim 
let OA =a, and draw a straight line OQ cutting AB in Q, a 
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roduce it to P so that PQ=b; then the locus of P is the 
mchoid. 


Let AQO= 6, OP =r, then the polar equation of the curve is 
F= coset 0 AND neeese (1), 


ax? ae (a? = b?) ys = 0, 


nd is therefore a hode, a cusp or a conjugate point, according as 
'‘<or=or >b; also the line y =a is an asymptote. 


The form of the curve is shown in the figure; the dotted line 
epresents the curve when a > J, and the dark line when a< b. 


The curve has also a real tacnode at infinity on the asymptote ; 
r if the origin be transferred to the point A, (2) may be written 
1 the form 

— ab? — Qaby + y? {æ + (y +a} — b} =0, 


Which is of the same form as the first equation of § 188. If there- 
re the point O is a node, the curve is a trinodal quartic and 
longs to species VII; if on the other hand O is a cusp, the 
urve belongs to species VIII, and is of the fifth class. 


The curve obviously passes through the circular points ; hence 
circle which passes through the node cannot intersect the 
onchoid in more than four other points. Also if the equation of 
he upper portion be r= a cosec 0 +b, that of the lower portion 
ill be r= a cosec 6 — b. 


306. We shall now show how the conchoid can be employed 
D trisect an angle. 
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Let POM =¢ be the angle which is to be trisected. 


OP in A, and draw AM perpendicular to OM. Let OA 
AM =a. 


Through P draw the conchoid r=q cosec 0 +b, the ori 
being O and the initial line OM. With A as a centre describ 
circle of radius AO cutting the other branch of the conchoi 
Q. Then the angle QOM =4 POM. ' 


Let QOM = 0, then since Q lies in the lower branch 
OQ = a cosec 0 — b, 


also AM=a=bsinġ, 
and OQ = 2b cos ($ — 0), 
whence 2 cos (¢ — 0) sin 0 =sin ¢ — sin 6, 
or sin ($ — 20) = sin 6, 

- and therefore ġ=30,; 


accordingly OQ trisects the angle POM. 


CHAPTER XI. 


MISCELLANEOUS CURVES. 


307. In the present chapter we shall consider a variety of 
niscellaneous curves, some of which like the cycloid and catenary 
re transcendental ones; whilst others like the three- and four- 
usped hypocycloids are algebraic curves which are particular cases 
f a general class of transcendental curves. 


The Cycloid. 


308. The cycloid is the curve traced out by a point on the 
ircumference of a circle which rolls on a straight line. 


To find the equation of the cyclord. 


Let a be the radius of the rolling circle CPG, which rolls on 
the line AG; and let P be the point which initially coincided 
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with A. Let (a, y) be the coordinates of P referred to BX 
BY, as axes ot a and y; and let GOP=¢. Then 


AG=are GP=aq¢d, = 


and therefore AY=ar-. 
Now c=a(r—o)+asingd a) 
y=a+arosġ | ) 
whence x = a.cos™ (a — y)/a + (2ay — y°}. 


Since PC is the direction of motion of P, PC is the tange 
and PG is the normal at P. 


309. The evolute of a cycloid is an equal cycloid. . 
Let PCX=wy; then ġ =r — 2y, and (1) becomes 


x= 2ay+asin 24 (2) 

y=a—avos 2 { ’ 

whence not =p=4a cos ............0 (3), 
dw Á 

and s= asin > nonneeceene a (4), 


no constant being required, since s = 0 when y =0. 


Equation (3) shows that p = 2PG, whence if P’ be the centi 
of curvature of P, the evolute is another equal cycloid 4 P4 
whose vertex A coincides with the cusp of the original cycloid. 


Equation (4) proves the isochronism of the cycloid; for th 
equation of motion of a particle sliding down a cycloidal tuk 
under the action of gravity is 


ds : 
de t Hg sin v= 0, 


d?s 
or at (ug/4a)s=0, 


whence the time of motion from any point P to B is m (a/ug}. 
Squaring and adding (3) and (4) we get 
BP* + PPa CC 

310. If a parabola be described which touches a cycloid at th 

vertex B, and whose latus-rectum is the line joining the adjacen 

pair of cusps, any double ordinate to the parabola drawn from ¢ 


point on the arc joining the extremities of the latus-rectum is equa 
to the intercepted arc of the cycloid. 
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Through P draw a line PM perpendicular to B Y, and 
i\e parabola in Q. Then 


QM? = 8a. BM = 16a2 sin? yr 
y the second of (2); whence 


QM = 4a sin 4 = BP. 


cutting 


311. To find the tangential equation of the cycloid. 
Let PC meet YB produced in R; then 


E = BC = 2a, 
tan y = — &/n, 
hence | hss 20/2 ta tM ae ae (5). 


EKpicycloids and Hypocyclords. 


312. The epicycloid is the curve traced out by a point on the 
‘circumference of a circle which rolls outside another circle. 


To find the equation of an epicycloid. 

Let a and b be the radii of the fixed and rolling circles, so that 
O0Q=a, O'Q=5b; also let* QOA=0, PO'Q =¢, where P is the 
joint which initially coincided with A. Then since 
are AQ=are PQ, ad=bd; 
whence the coordinates of P are given by the equations 
ala ea ia ssi); 
y =(a+b)sin 0 — b sin (a +b) 0/b) ý 
he elimination of @ between these equations determines the 
jartesian equation of the curve. 
The line HP is the tangent to the curve at P, whence if 
)Y =p, where OY is perpendicular to EP, we have 
OTE =ar—y, p=(at2b)sin ġġ; 

=O +46=4$(a + 2b) b/a, 


hence = (a + 2b) sin oh n. (7). 


* The point A (not marked in the figure), is the point between O and T where 


ie fixed circle cuts OT. 
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ad 


This is the tangential polar equation of an epicycloid and 
the form p =c sin n@; it is also the pedal of the curve with re 
to the centre of the fixed circle, and the inverse curve is 
reciprocal polar of the epicycloid. p 


. d'p 4b(a+b) ] 
Again poa 73 A et Possit.. en (8) 


which shows that the radius of curvature is proportional to i 
perpendicular from the centre of the fixed circle on to the tange 
Also since p =ds/dy, we obtain from (7) and (8) 

j= oem (1 — cos -at ) MPP OEN 9), 


a 


which is the intrinsic equation of the curve, s being measu 
from A. 


The p and r equation of the curve seems to have been f 
given by the Jesuits in their notes to Prop. LI. of Newto 
Principia, and may be obtained as follows. Let OP=r; th 


T° = (a +b? +0 — 2 (a + b) b cos ġ 
=a +4(a+b)b sin? $o 


4 (a + b) bp? 
(a+2bF} ’ 


a + ?2bF a 
whence P= iG a I (=) .........:00— (10). 


=a? + 


313. The evolute of an epicycloid is a similar epicycloid. 


The evolute of the curve is the envelope of the normal F 
Now if OZ be the perpendicular from O on to the normal 


OZ = a cos $f = a cos awr/(a + 2b), 


which is the tangential polar equation of a similar epicycloid. 
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All cycloidal curves belong to the class of curves called 
mlettes, for the complete discussion of which we must refer to 
r Besant’s Notes on Roulettes and Glissettes. We shall only give 
e proposition on the subject. 


314. A curve rolls on a straight line; it is required to find 
e roulette. traced by any point Q. 
Let QA be a line fixed in the plane of the rolling curve AP, 


(0) N R 

nd let OP be the line on which it rolls. Let A initially coincide 

ith O. Then if (a, y) be the coordinates of Q referred to O, 

ON=a2, QN=y; 

also if (r, 0) be the polar coordinates of P referred to QA, in the 
lane of the rolling curve 

AQP=0, QN=p, QP=r, QPN=ġ, 

whence y=p, tan ọ=daæj]dy=rdð|dr al 

| a a ). 
315. If the roulette is an ellipse, the rolling curve is an 
epicyclord. 


Let the roulette be 
aja? 2 y? |b? = L 


l dæ 2 E ary? 
E (a) TEE- 


thence by (11) 


2 


Ue et a 
ie? Pep? 


r2 = bja + ep’, 
icycloid. If therefore an 


hich is the p and r equation of an epl 
us of the centre of the 


picycloid roll on a straight line, the loc 
xed circle is an ellipse. 


BIC. 


14 
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316. To find the tangential equation of an epicycloid. 


Through O draw a line OY" per pendiaay to OT cutting 
tangent in Y’; then 


OF sin to 
OE  sin(4ġ +80) 
_ sin(ġajb+1)0 d 
whence £= OEN + 2b) sin gab (12 
OY’ _ sinġ | . 
OE cos (4¢+4+8)’ 
cos (4a/b+1)0 an 
W hence qi= (a + 2b) sin $a0/b ee oe ee ee ee (13) 3 


the elimination of 0 between these equations furnishes the 
quired result. 

The one-cusped epicycloid, as we have already shown, is t 
cardioid, and its tangential equation is 


27a (EH) (L ab) Hb aeeneareneenea 
whilst those of the two- and four-cusped epicycloids are 

4a (EHn (1E) aeaaeae (15) 
and (GU) (E94) t= 4 (2T (E 94) — TP nee 6) 


respectively. The former: curve is of the fourth class and 
cannot be of lower degree than the sixth, since the comm 
tangent at the two cusps has a contact of the second order wi 
the curve at these points. Its Cartesian equation is 


t (£ +y -— F= Taty’ 
317. The hypocycloid is the curve traced out by a point ¢ 
the circumference of a circle which rolls inside a fixed circle. 


The coordinates of any point on a hypocycloid can be sho 
to be 


eee 
y = (a — b) sin 6 — b sin (a — b) O/b 
whence the corresponding results for a hypocycloid can be deduc 
from those of an epicycloid by changing the sign of 0. 
A two-cusped hypocycloid is a diameter of the fixed circl 
as can be at once shown by elementary geometry. The thre 
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nd four-cusped hypocycloids possess many remarkable properties 
nd will be discussed separately. 


318. In the preceding section we have tacitly supposed that 
he radius of the fixed circle is greater than that of the moving 
ircle ; we shall now show that if the radius of the latter is greater 
han that of the former, the hypocycloid becomes an epicycloid 
renerated by a rolling circle whose radius is equal to the difference 
yetween the radii of the two circles. 


Let AQB and QPR be the fixed and rolling circles, O, O, their 
sentres; a and 6 their radii; and let & be the point with which 


P was initially in contact. Let 
EOQ =0, QO,P=¢. 
Let R be the other extremity of the diameter through Q of 
the moving circle, and draw RP to meet the diameter AB of the 
ixed circle in C. 
Since BQA and CPA are right angles, and OQ = OB, it follows 
hat CB=QR; whence 
AC =2a+ BC =2(a+ b); 
‘whence C is a fixed point, and a semicircle can be described 
through APC whose radius is a+, and centre Os. 
Again are AE =a (0+ ¢)=(a+6) ¢, 
| are AP =(a +b) A0,P =(a+ 5), 
yhence arc AP =are AE. Accordingly the epicycloid which is 


he locus of P may be generated by the circle APC whose radius 
s a+b rolling on the fixed circle in such a manner that their 


oncavities are in the same direction. Ka 
14—2 
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Trochoidal Curves. 


319. The trochoid is a curve described by any point in 
plane of a circle which rolls on a straight line. 


Trochoids are sometimes called prolate cycloids and curt 
cycloids according as the point les within or without the rolli 
circle. The equations of a trochoid can easily be shown to be 


x=a(@—msin a 
y =a(1—m cos 0) 
where m is less or greater than unity according as the point li 


within or without the circle. 


320. When a circle rolls on another circle, the locus of a 
point in the plane of the moving circle is called an epitrochoid 
a hypotrochovd according as the latter rolls on the exterior or t 
interior of the fixed circle. 


If c be the distance of the point from the centre of the rolli: 
circle, the equations of the epitrochoid are 


x = (a + b) cos @—ccos(a+b) 4, 
y =(a+ b) sin 0 —c sin (a +b) 0/b 


whilst those of the hypotrochoid are obtained by changing t 
sign of b. 


When a=b, the epitrochoid becomes a limaçon. 
Transfer the origin to the point =—c; then (20) become 
x= 2 (a — c cos 0) cos 8, 
= 2(a—c cos 8) sin 0, 
whence @ is the vectorial angle, and the polar equation is 
r= 2 (a — c cos 6), 
which is a limaçon. 


In (20), put 
a=(m—1)b, mbc... (21) 


and change the direction of the axis of y, and we obtain 
a = 2c sin (m+ 1)0sin $(m—1) 8, 
y = 2c cos (m+ 1) 0 sin 3(m—1) 8; 
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lso if $ is the angle which the radius vector makes with the axis 
= hm +18, 

md the polar equation of the curve becomes 


m— i 


= 2c si 
r = 2c sn m d, 
or TE MLC SUID. . sa cla ce COME nano (22), 
where n =(m—1)/(m +1). 


In the case of the epitrochoid, a and b are both positive; 
accordingly from (21) it follows that m>1,and therefore 0 <n <1. 


In the case of the hypotrochoid we must put 
Geigy >, CMW)... cccccc.s. 0S (23), 


from which it follows that m>— 1; and therefore n may have any 
value which does not lie between zero and unity. 


321. The pedal of an epicycloid or a hypocycloid with respect 
to the centre of the fixed circle is an epitrochoid or a hypotrochoid. 


For if in (7) we put a = (m — 1) b, the equation of the pedal is 
of the form (22). Also the reciprocal polar of an epicycloid or a 
hypocycloid is the curve 

(SUD, Gace nee Perr (24). 
An example of this proposition has already occurred in the case of 
the cardioid, whose pedal with respect to one of the triple foci is 
r=c cos 30. 


322. When the radius of the fixed circle is double that of the 
rolling circle, the hypotrochoid becomes an ellipse. 
Putting — b for b in (20), and then writing a = 2b, the equation 
of the curve becomes 
xe y? 

Bo EE yw, 

Eo | (toy 
323. To find the orthoptic locus of an epicyclord™. 
Let m=a/(a + 2b); then by (7) the equation of PY, see figure 
to § 312, is 
æ sin y — y cos p = (a + 2b) sin my, 


* Wolstenholme, Proc. Lond. Math, Soc. vol. rv. p. 330. 
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and that of the perpendicular tangent is 
x cosy + y sin y= (a + 2b) sin m (3 + Wr), 
whence 
a = (a+ 2b) {sin m ($r + Y) cos + sin my sin yr}, 
y = (a + 2b) {sin m ($m + fp) sin 4 — sin my cos yr}. 
These equations may be written in the form 
x = (a + 2b) [sin 4 (1 + m) m cos (1 — m) ( +47) 
+cos4 (1 +m) 7 sin (1 +m) y- (1- m) 
=(a + 2b) [sin 4 (1 + m) w sin (1 — m) ( + 47) 
— cos 4} (1 + m) cos {(1 + m) y — ł}(1- m) T} 
Let (1 - m) (+40) =8, 
and the equations may be written in the form 
(1+m)@ 
l-m 


(1 +m) 0 
1 — m 


æ= (a+ 2b) {sin (1 +m) m cos 0 — cos (1 +m) m cos 


y=(a+ 2b) si ¢(1 +m) rsin 0 — cos 4 (1 + m) asin 


which are the equations of an epitrochoid. Whence if A and 
be the radii of the fixed and rolling circles, and C the distance 
the fixed point, 


A +B=(a+2b)sin$ (1 +m) r 
(a+b)r 
2 (a + 2b)’ 
(a+b)ar 
2 (a + 2b)’ 
A+B l+m et te 

$ icon p 


= (a + 2b) sin 


C = (a + 2b) cos 


To verify this result in the case of a cardioid, put a =b, and w 
get 


A=B=3,/3a/4, C=3a/2, 
and the locus is the limacon 

r =3a (y3 —2 cos 0), 
which agrees with § 302. 
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The Three-cusped Hypocycloid. 


324. The three-cusped hypocycloid is the curve traced out by 
point on the circumference of a circle which rolls inside another 
ircle of three times its radius. 


Putting a = 3b in (18) of § 317 we obtain 
x/b = 2 cos @ + cos M 
y/b = 2 sin 6 — sin 20 
vhence squaring and adding we get 
4 (r? — 5b?) = b cos 30 = b? cos 0 (4 cos? 8 — 3). 
But from the first of (1) we get 
a F b= 2b cos 0 (1+ cos) ........6. 000-005. (2), 


E e 50 4 cos? 0 — 3 
2b(a+b) 1+cosé 


Substituting the value of cos? 0 from (2) in (8) we get 
(1 + cos 0) (r2 + 8bx + 3b?) = 2 (x + b) (2a + 90)... (4). 
Eliminating 6 between (2) and (4) we obtain 
(1? + 12ba + 9b? = 4b (2a + 3bY, 
Or rt + 18b27? — Sha? + 24bay? = Tbt esere (5), 


“which shows that the curve is a tricuspidal quartic; and therefore 


belongs to species X. 
The tangential equation of the curve is 
E + 0? = bE (3n? — &); 


which shows that the only double tangent the curve has 1 
at infinity, which touches the curve at the circular points. 


g the line 


325. The orthoptic locus of a, three-cusped hypocycloid is a 
circle. 
: Let O and O’ be the centres of the fixed and moving circles, 


and let A be the initial position of the moving point P. Then if 
00’ cuts the moving circle in Æ and Q, PE is the tangent at P. 


Let TP’ be the perpendicular tangent. 
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Then by the mode of generation 
PO'R = 3A0Q =2PEQ; 
if therefore the tangent PE meet OA in t, 
AOQ = 20tE...........2:10: rr | 


Now if TP cut OB in f’, 
t'OK = BOA — AOQ 
= $n — 20tE. 


Also by (6) if OF be drawn through the centre of the movi 
circle corresponding to P’, 


OF =200F 
= 2 ($r — OMA) 
= ho + 20tE, 
whence COE +ť'OF= r, 


and therefore HO and OF are in the same straight line ; accon 
ingly 

OF = OF = OT, 
and therefore the locus of T is a circle whose radius is equal 
that of the moving circle. 
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l 326. To find the tangential polar and the intrinsic equations of 
e curve. 
Let OY=p, OE=a, OtY=9, 
hen since we have shown that OFY = 390, it follows that 
p = asin 30, 

= — 4q cos 3¢, 
> ġp=$r-— 0. The intrinsic equation is 
s = $a (1 — cos 30), 
and the p and r equation is 

17? = 8p? — 9a. 

327. The portion of the tangent contained within the curve is 
f constant length. 


Join PP’ and draw OZ perpendicular to PP’. Since OPE 
md OET are a pair of equal isosceles triangles, PẸ = ET’; 
similarly TF = FP’, and therefore EF is parallel to PP’. Whence 
PP =2hF=40£. 


Produce TO to meet PP’ in H; then since O is the middle 
point of TH, it follows that OZ=OY; hence PP’ touches the 
hypocycloid. 


The line OH bisects PP’ in H; whence if two tangents be 
jrawn to a three-cusped hypocycloid which are at right angles to 
one another, the chord of contact is also a tangent to the curve, 
fand is bisected by the line joining the centre O with the point of 
“intersection of the perpendicular tangents. 


328. If three tangents be drawn to a three-cusped hypocyclord, 
hwo of which are at right angles, the third tangent is perpendicular 
fc the chord of contact of the other two. 


Draw TZ' perpendicular to PP’ cutting OF in Z’; let 
EOA=¢, HtO=8. 
Then since OZ’T is a right angle 
| OZ = OT cos TOZ. 
But Of =a, and TOZ =7—2TEO = r- 60 =r — 36; 
whence OZ =— a cos 3¢, 
ind therefore TZ’ touches the hypocycloid. 
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329. The locus of the point of intersection of two tan 
which intersect at an angle 37 is a curve similar to the pedal o, 
hypocyclord. > 

Let Qt, Qt’ be the two tangents which cut OA, OB int ar 
Draw OY, OZ perpendicular to Qt, Qt’, and let 


Q0OA=0, QtO=¢, OQ=r. 


Since Ser =t'Ot = Et, 
a circle can be described through ¢OQt’, whence ġ = QtO0 = Q 
Accordingly the tangents Qt, Qt’ are equally inclined to a € 
and therefore the perpendiculars OY, OZ are equal; whe 
OQY =47, and 
r= 20Y = 2asin 3¢q, 
and 6+6¢=47, 
whence r = 2a cos 30. 
330. The envelope of the pedal line of a triangle is a thi 
cusped hypocycloid, whose centre is the centre of the nine-po 
circle of the triangle. 


Let P be any point on the circumscribing circle of the trian 
ABC; KLM the corresponding pedal line; F the middle point* 


* Not shown in the figure. 
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J; I and O the centres of the circumscribing and nine-point 
les of the triangle. Draw OY perpendicular to KM, and let 
OY=p, IA=R, YKA=ġ. 
en since IFA = hn, 
p= FK sin ġ — OF cos (p + OFT) 
= R sin IPK sin ġ — 4R cos ($ + C— A). 
Now IPK=IPA + APK=IAP + APK 
=IAL+PKL+KLA 
=7—2¢—C+ A, 
lence 2p = 2k sin (26+ C — A) sin¢d— Roos ($+ C — A) 
= — Rcos(3¢+ C — A), 


hich is the tangential polar equation of a three-cusped hypo- 
cloid, the radius of whose rolling circle is equal to 4 R. 


This theorem seems to have been first discovered by Steiner, 
d has been discussed by several British mathematicians. The 
eceding proof is due to Dr Besant. 


331. If a rectangular hyperbola circumscribe a triangle, the 
velope of its asymptotes is a three-cusped hypocyclord. 

| Let O be the centre of the hyperbola, W that of the nine-point 
aircle of the triangle ABC; E and F the middle points of AC, 


O 

B. Then O lies in the nine-point circle, and if a point L be 
fea on AC such that EL = OE, OL is an asymptote of the 
perbola. 
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Draw NY perpendicular to OL, and let NY =p, OLE = ¢ 
then p = 4 R cos ONY, 
and ONY =4r- NOE+ġ=0FE+ġ; 
also since FOE = å, 

OFE =r- A —OEF 
=C—A +2ġ, 

whence ONY =C-—A+3¢, 
and therefore p= cos(86+C — A). 


If a triangle be self-conjugate to a rectangular hyperbola, : 
known that the centre of the hyperbola lies on the circle cire 
scribing the triangle, and that the curve passes through 
centres of the inscribed and the three escribed circles of 
triangle. Hence the preceding theorem shows that the enve 
of the asymptotes of all rectangular hyperbolas to which a gi 
triangle is self-conjugate is a three-cusped hypocyceloid, wh 
centre is the centre of the circumscribing circle of the triangle. 


The Four-cusped Hypocyclord. 


332. Putting a= 4b in (18) of § 317, the equations of 
curve become 

x = 3b cos 0 + b cos 30 = a cos? 0 a 

y = 3b sin 0 — b sin 30 =a sið] 7 | 

whence the Cartesian equation is of the form 

ET E R (2) 


The curve therefore belongs to the class of curves discussed 
§ 55. Equation (1) may also be expressed in the form 


(a? = — YY = 27 ore? y? .... 
whilst its reciprocal polar is 
sip Boe 
a y? — c (EE EEEEKEKEKEEEEEETETERKETEKE)] 


— shows that the hypocycloid is of the sixth degree and fou 
class, 


The characteristics of the curve are most easily investigat 
by means of the reciprocal curve. 
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This curve has a complex biflecnode at the origin, and from 
[88 it has a pair of real biflecnodes at infinity which are situated 
the axes of v and y respectively. The quartic therefore belongs 
the seventh species; if therefore we employ the letters 8, x, 7, « 
denote simple singularities, and the symbols ĝt, rx, to denote a 
flecnode and its reciprocal singularity, which by § 166 consists 
a pair of cusps having a common cuspidal tangent, Pliicker’s 
ambers for the reciprocal polar of a four-cusped hypocycloid are 


n=4, 8=0, c=0, m=6, T=4, 1=0, 8, = 3, 
id therefore the characteristics of the four-cusped hypocycloid 


n=6, 6=4, «=0, m=4, T=0, + =0, Te, =3. 


All the four nodes are imaginary and are situated on the lines 
+ y=0; whilst two of the singularities Tx, are real and consist 
f the two pairs of cusps on the axes of æ and y respectively, and 
ieir common cuspidal tangents. The third singularity 7x, con- 
sts of a pair of imaginary cusps at the circular points and their 
ymmon cuspidal tangent, which is the line at infinity. This may 
e proved by writing (3) in the form 
16 (aI? — By) + 27a*l? (F -yY = 0. 

The reader will observe that when dealing with sextic and 
Other curves having compound singularities, the latter must be 
Tonsidered as a whole, instead of the simple singularities of which 


hey are composed. 


333. The portion of the tangent to a four-cusped hypocyclord, 
‘which is intercepted by two real cuspidal tangents, is of constant 
| length. 


4 


C O A 


Let AB be a line of constant length a, which slides between 
wo lines at right angles. Through E the middle point of AB 
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draw OFQ so that EQ=OE. Draw OY, QP perpendicul 
AB; let AOY = 4, (a, y) the coordinates of P. 
Since QA, QB are perpendicular to OA, OB; PB is 
direction of motion of P, and therefore AB touches .the © 

enveloped by it at P. Now 
x = BP sm ġ = AF sing 


= qa sin? ¢, ; 


similarly y = a cos? ġ, 
whence the locus of P is the hypocycloid 
a + y? = al, 


Accordingly the four-cusped hypocycloid is the envelope 
straight line of constant length, which slides between two str 
lines at right angles to one another. 


The equation of the pedal and the p and r equa 
respectively | 


r= ġa sin 2¢, 
T? = a? — 3p’, 
whence p=—rdr/dp = 3p, 


and the intrinsic equation is 
s= ŝa sin? y, 
where yY=ġr-o. 
334. The orthoptic locus is a curve similar to the pedal. 


Let AB and CD be perpendicular tangents intersecting a 
let OT=r, TOA =0. Then since CD=a, OCD = d, 


TY =a cos ġ sin d= OY, 
whence 0=}r+ġ, r=pẸŢ42, 
accordingly r = — (a J21) cos 20. 

335. If the tangent at P is the normal at T, then OP = 0T. 


From the p and r equation we have 


OT? =a?-37Y?=a?— 3p’, 
whence OT = OP. 
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The Evolute of an Ellipse. 


336. Let (x, y) be the coordinates of the centre of curvature 
i a point on an ellipse whose excentric angle is ġ; and let ẹ be 
he angle which the normal makes with the major axis. Then 


æ = a cos d — p cos y, 
nd a cos y = pcos h, pp =@ sin? ġ +b? cos? ¢, 
hence ax = (a? — b?) cos? d, 
by = (a? — b?) sin? . 
cordingly the equation of the evolute is 
(aa)§ + (by)' = (a? — bi. 
The form of this equation shows that we cannot deduce 


roperties of the four-cusped hypocycloid by supposing an ellipse 
9 degrade into a circle; but if the equation be written in the 


rm. 
(2/A)8 + (y/B)* = 1, | 
roperties of the evolute may be deduced from those of the 


ypocycloid by orthogonal projection. 


337. In the figure, let CZ be the perpendicular from the 
antre of an ellipse on to the normal at P, O the centre of curva- 


‘ture, and OQ perpendicular to PO. Then if CZ=p', ZCA =§r-y, 
follows from the properties of the ellipse that 


(a? cos? y +b? sin? yp)!’ 


id therefore the pedal of the evolute is the sextic curve 
(ay? 4 ba?) (a? ae y? A= (œ a b?)? ay’, 


hilst the orthoptic locus is the sextic curve given at the end of 


p =CLZ= 


to 
to 
a 
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338. To prove that the radius of curvature is equal to 30G 


We shall first prove that if p be the radius of curvature of 
curve, and y the angle which the normal makes with the ax 
æ, then the radius of curvature of the evolute is — dp/dyp. 


Let the accented letters refer to the evolute; then 


ds'=dp, p=3m—%, 


therefore p =ds'/dry’ = — dp/dw. 

Again, since p =CZ=adp/dy, 
we obtain p =— p'dp/dp. 
From the properties of the ellipse 

Pp = vb, . 

whence —dp/dp = 3p/p, 
also p =p 00m 
Accordingly p =30Q. 


339. If the tangent at any point P intersects the curve in 
and R, the locus of the point of intersection of the tangents at Q ¢ 
R is an ellipse. 


If the equation of the curve is 


(sja + (yb =] .... (1) 


h k 


the equation mr a aA 1 oo .ses (2) 


is that of a curve which passes through the points of contact 
the tangents from (h, k); also the equation of the tangs at 
point (f, g) is 


apt bigt = | Coc cer evccccccscecceece ( D) 


Let (h, k) be the point of intersection of the tangents at Q < 


R; then since (x, y) and (f, g) are points on the evolute, we n 
write 


z=acos¢, y=bsin' d, 
S=acosy, g=bsin y, 
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nd (2) and (3) become 


] 4 
= sec b+ F cosec $= 1 


ee At (4), 
co h sin? g i 
cos yy te oan y a (5). 
Let A = tan @, then (4) may be written in the form 
kr 2hk h k k? 
@ tap tN (ital) peT (6). 


This equation determines the value of ¢ at the four points of 
ontact of the tangents from (h, k). Equation (5) determines the 
alue of à in terms of yf, and is a sextic equation in X. The 
extic obviously contains (A — tan y)* as a factor; and the quartic 
actor will be found to be 


A + 2 (A5 A) tan + tan?y=O oo... (7). 


Since (6) and (7) are satisfied by the same value of A, it 
ollows that 
h2 k2 


gr 


tan y= ak/bh. 


The first equation determines the locus of (h, k) which is an 
llipse ; whilst the second gives the value of ẹ in terms of (h, k). 
When the evolute degrades into a four-cusped hypocycloid, the 
locus becomes a circle. 


The reciprocal theorem is as follows :— 


If two tangents be drawn to the reciprocal curve from a point 
m itself, the envelope of the chord of contact is an ellipse, which 
ecomes a circle when the curve is the reciprocal polar of a four- 
usped hypocyclord. 


340. To find the tangential equation of the evolute of the 
wolute of an ellipse. 
The equation of the normal to the evolute at O is 

æ cos Y + ysin =p — pP, 


cos yr SEY. 
p> pp 


vhence E= 
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. aa 
o 2 JL b?n B > 
accordingly ve (p -př 
Il 
+7 =——,,- 
Ar (p -P 
Therefore ark + b = p (E+ 7”), 
ab? z 
also (peg T - p°) , 
i (a? = m ? (bn — a Ey 
therefore P (p a” py= (aE? $ 2 27? nY (2 + ny ’ 


whence the required equation is 
(We A4 bn? Y = (a? = b?)? (bènt = ar és)? 


and is therefore a curve of the eighth class. 


341. The evolute of an ellipse can also be generated in tl 
following manner, which can be proved directly or by orthogonal 
projecting a four-eusped hypocycloid on a plane parallel to one 
the cuspidal tangents. 


From any point P on an ellipse draw perpendiculars PM, 1 
to the major and minor axes; draw ME parallel to the tangent 
P to meet CP in E; draw EL perpendicular to the major a 
cutting MN in R. Then MN is the tangent at R to the evolute 
an ellipse. 


342. The evolute of an ellipse has two real single foci, wht 
are the foci of the ellipse. 


We have shown in § 65 that the tangential equation of t 
curve 


(a/A)' +(y/B)'=1 


4 1 1 
is ae Raz) 
whence if (a, 8) be the coordinates of any focus 
1 il N 
(a + 18) (i m 7) Le (1). 
But A=(a-Wja, B=(ae—by/b, 


whence (1) becomes (a+ 18)? = a? — b, 
and therefore a=+(@- b}, B=0. 
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Equation (1) may be written 
AB 
EpL (B A’ 
which shows that the two real single foci of a four-cusped hypo- 
eycloid are at infinity in opposite directions on the axis of z, 


a+ıß = 


The Involute of a Circle. 


343. Let PQ be the tangent at any point Q of a circle of 
adius a; and let QP =QA, where A is a fixed point; then the 


locus of P is the involute of a circle. 
Let OP =r, POM =0, QOA=¢. 
Then rcos(@—O0)=a, ap=PQ=r sin (¢ — 9), 
i hence, eliminating ġ, we get 
(7? — a?) = að + cos afr. 
The coordinates of P are also given by the equations 
æ = a cos d+ ad sin 9, 
y= asin d — ag cos ġ. 


Since PQ is equal to the perpendicular from the centre O on to 
T the tangent at P to the involute, the p and r equation 1s 


Ce P, 
and the tangential polar equation 1s 


= ad, 


whence, as will appear in § 349, the pedal of the involute is the 


spiral of Archimedes. l 
15—2 
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344. If the involute of a circle roll on a straight line, the 
of the centre of the circle of which it is the involute is a parabol 


If (x, y) be the coordinates of the locus of O referred to 
point on the straight line with which A was initially in con 
we have by § 314, 


whence y? = Lag. 


The Catenary. 


345. The catenary is the curve in which a flexible inela 
string hangs, when suspended from two points under the action 


gravity. 
To find the equation of the catenary. 


Let A and B be the points of suspension, C the lowest pi 
of the string. Let T be the tension at any point P of the cur 
we the tension at the lowest point C, where w is the weight o 


A 


O T M G 


unit of length; s the length of the arc OP; w the angle whi 
the tangent at P makes with the horizontal line OG. 
The equations of equilibrium of CP are 
Teosy=we, Tsin ~=ws, 
whence S=c tan W .........60000005 n. (1) 


which is the intrinsic equation of the curve. 


Now 5 _ bs > AY 
D sec y PT CY ns 


whence x = ¢ log (tan y +sec y), 
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from which we obtain 


d i 
=e = tan y =sinh z/c, 


and therefore i= © COSTING) Caren 2:22. mins ee (2) 
which is the Cartesian equation. 


In the figure let OG be a horizontal line such that OC =c; 


then OG is called the directrix of the catenar . Let the tangent, 


normal and ordinate at P meet OG in T, @ and M. Draw MS 
perpendicular to PT. Then 


ta y= Gene Ge cos, 
y =csec yp. 
y=PM = MS sec y, 
therefore MS =c. 
Also s=c¢ tan y = MS tan p= PS, 


which shows that the locus of S is the involute of the catenary. 


Again if p be the radius of curvature at P, 
p= a =csec? y 


= PM sec = PG, 


whence the centre of curvature of P is at a point O’ on GP 


produced such that. PO’ = PG. 


If a catenary revolve about its directrix, the line PG is the 
radius of curvature of the circular section of the surface of revolu- 
tion thereby generated, whilst PO’ is the radius of curvature of 
the meridian section; and it is known from solid geometry that 
these are the two principal sections of the surface. Hence the 
surface generated by the revolution of a catenary about its 
directrix belongs to the class of surfaces which have their two 
principal radii of curvature equal and opposite. 


346. It can also be shown by the method of § 314 that if a 
parabola roll on a straight line, the locus of its focus ts a catenary. 
If however the conic is a central-one, the locus of the focus 1s 
a more complicated curve *. 


* Besant, Notes on Roulettes, p. 47. 
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347. The involute of a catenary is a curve called the Trac 
or Tractory. To find its equation, we observe that the curve 
the locus of S, whence if (x, y) denote the coordinates of S, 


y =c cosy 
SP =cti _ as 
and =c thi 
whence s=c log sec y, 


which is the intrinsic equation of the curve. 
Again a =sin y, 


whence = =c (sec  — cos y), 


therefore æ = c log (tan Y + sec 4) — c sin y. 
Eliminating y we get 
æ+ (e — y} = clog {ely + (c'/y*—1)'}. 


348. There are a variety of other curves of an analogo 
kind, such as the catenary of equal strength and the catena 
formed by an elastic string; but for the discussion of these curv 
we must refer to works on Statics. There is also a curve call 
the elastica, which is the curve assumed by an elastic wire who 
natural form is a straight line, which is bent in its own pla 
without torsion. This curve is discussed in my Elementai 
Treatise on Hydrodynamics and Sound, and by putting a= 
in (7) of § 139 of the second edition of that treatise, it can | 
shown that if the string joining the ends of an elastic wire is 
such a length that it is the normal at the two extremities of th 
wire, the equation of the elastica is of the form 

dx y? 


dy (dat — yp’ 
the string being the axis of æ, and the origin its middle poi 
This result, combined with § 314, leads to the theorem that :- 


If a rectangular hyperbola roll on a straight line, the locus of 7 
centre is an elastica. 


The equation of the curve assumed by a rectangular piece 
flexible and inextensible material filled with liquid, whose side 
AB, CD are fastened to the sides of a box, and whose other sides f 
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the box so closely that the liquid cannot escape, was first investi- 
gated by James Bernoulli*, who called it the lintearia. The 
curve is, however, the same as an elastica. 


Spirals. 
349, We shall conclude this chapter with an account of 
certain spiral curves. 


The equiangular spiral, or the logarithmic spiral as it is some- 
times called, is a curve such that the tangent at any point makes 
a constant angle with the radius vector. 


To find its equation, let a be the angle of the spiral, then 


r 0 tan 

—__ = a 

dr 7 
r == ae? tan z 


whence 


The p and r equation of the curve is 


p=rsin 4, 


p = T cosec a. 


ht line be drawn perpendicular 
is the centre of curva- 


whence 


Hence if from the origin O a straig 
to OP to meet the normal in 0%, then 0’ 


ture of P. 
Let 00’ =r, O'OX =0; then 
r=reota, 6 =0—-4}n, 
207. 


* Besant’s Hydromechanics, Ch. vur.; Walton’s Hydrostatical cates p. 
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whence y =a cot a, ert) tana, 
and therefore the evolute is a similar spiral. Also the peda 
OF aus oie etana z 
which is a similar spiral. 
850. The spiral of Archimedes is the curve r=aé; ar 
§ 343 it is the pedal of the involute of a circle. 


The hyperbolic spiral is the curve r@ =a, and is the recit 
polar of the involute of a circle. It has an asymptote wl 
distance from the initial line is a. 


The lituus is the curve 7°80 =a?, and the initial line is 
asymptote. These last three spirals are included in the equ 
r= al". 


CHAPTER XII. 


THEORY OF PROJECTION. 


351. THE theory of projection is explained in treatises on 
bonics, but since it affords a powerful method of deducing 
jeneral properties of curves from those of curves of a more simple 
orm we shall explain its leading features, and then apply it 
© deduce properties of cubic and quartic curves. 


If a curve S be drawn in any plane z, and if with any point V 
S vertex a cone be described whose generators pass through S, 
ne curve of intersection of the cone with any plane 2’ is called 
ne projection of S. 


If any straight line through the vertex cut the planes z and 2 
a P and P’, these points are called corresponding points. In 
ther words, the projection of P on the plane 2’ is called the point 
orresponding to P. 


The projection of any straight line is obviously another 
traight line. Also if any straight line cuts a curve in n points 
EE... Pa, its projection will cut the projection of the curve in 
corresponding points P,’, P,’,... Pa. But since every straight 
me cuts a curve of the nth degree in n real or imaginary points, 
t follows that the projections of the line and curve cut one 
mother in the same number of points. Hence the projection 
f a curve of the nth degree is another curve of the same degree ; 
lso a tangent to a curve projects into a tangent to the projection 
f the curve, and every singularity on a curve projects into the 
ame singularity on the projected curve. 

It can be shown by elementary geometry that the projection 
a triangle on any parallel plane is a similar triangle; from 
hich it follows that the projection of a polygon on a parallel 
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plane is a similar polygon. Also since every curve may 
regarded as the limit of a polygon, it follows that the projec 
of any curve on a parallel plane is a similar curve. 


Through the vertex V draw a plane parallel to z cutting 
plane z’ in a straight line l’; then the line /’ is the projection 
z of the line at infinity on z. Similarly if a plane through 
parallel to 2’ cut z in l, the projection of J is the line at infinity 
z’. Hence any line on z can be projected to infinity, whilst ` 
line at infinity on z can be projected into any line on z. Fr 
this result it follows that the properties of curves having singul 
ties at a finite distance from the origin can be deduced from thg 
of curves having the corresponding singularities at infinil 
whence the properties of quartics having a pair of imaging 
nodes or cusps may be deduced from the known properties 
bicircular quartics and cartesians. We shall also show that t 
properties of a curve having a pair of real nodes or cusps m 
be deduced from those of a curve having a pair of imagine 
ones; from which it follows that the properties of curves havi 
imaginary singularities can be deduced from those having 1 
ones and vice versd. The theory of projection can also be e 
ployed to examine whether a curve has a singularity at infini 
since any point on the line at infinity can be projected into t 
origin. 

All straight lines which are parallel to the line of interse 
tion of the plane of projection with the original plane, proje 
into parallel straight lines; but parallel lines which are n 
parallel to this line project into lines passing through a poii 
which is the intersection of the projection of the line at infimi 
with the common line of intersection of the planes passi 
through the parallel straight lines and the vertex. 


352. A projection introduces five independent constants. 


Since the projection of a curve on a parallel plane is 
similar curve, we may without loss of generality suppose 
plane of projection to pass through a point O in the origit 
plane, which we shall choose as the origin of three rectangul 
axes Ox, Oy, Oz, of which Oz is perpendicular to the origir 
plane. When the equation of a curve referred to Oa, Oy 
given, its projection is completely determined by the coor 
nates (E, n, č) of V the vertex, the inclination e of the plane 
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ojection to the original plane, and the angle 7 which their 
me of intersection makes with the axis of æ or y, which are the 
ive constants in question. 


353. Any given triangle can be projected into any other given 
riangle, in such a manner that any given point P in the plane 
f the first triangle corresponds to any given point Q in the 
plane of the second. 

Let ABC be the given triangle; let A be the origin, AB 
he axis of x, and let two lines through A in and perpendicular 
io the plane ABC be the axes of y and z. 


Let ABC’ be a triangle similar to the second triangle, such 
that the base AB is equal to that of the original triangle; and 
place this triangle so that the bases AB coincide, whilst the 
plane ABC’ makes an angle e with the plane z. 

Let (f, g, 0) be the coordinates of C, and (p, q, 0) those of 
any point P in the plane z. Then if accented letters denote 
he coordinates of the corresponding points in the plane ABC, 
the coordinates of © and P’ are f’, g' cose, g' sine, and p’, q' cose, 
fq sine respectively. Hence the equations of CC’ and PP’ are 


ee e _ _? 
| f—f gcose-g gsme 
and 

Os Oh Se ae à 


pop gqcose—q g sine 
The conditions that the projection should be possible require 
F hat the lines CO’ and PP’ should intersect at a point V, which 
“is the vertex. Now the foregoing equations are sufficient to 
| determine (2, y, Z), which gives the point V, and also the angle e 
‘which the plane of projection makes with the plane of the 
triangle. If therefore a line A’'B’ be drawn in the plane VAB 
T parallel to AB and equal to the side A’B’ of the second triangle, 
Mithe section of the pyramid VABC by a plane through A'B 
| parallel to the plane ABC’ will be a triangle equal to the second 
T given triangle; also the point where VP cuts the plane of the 
latter triangle will be the given point Q. 
The preceding theorem shows that any quadrilateral can be 
projected into a square. For let 4 BCD be the quadrilateral, and 
ABD a square; then the triangle ABC can be projected into 
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the isosceles right-angled triangle A’B’C" so that the poin 
corresponds to D. 

354. We shall now give the analytical formulae for. projec 
and shall first suppose that the axis of y is the line of inte 
tion of the two planes, and that the axis of æ in the plan 
projection is the projection of the original axis of 2, 


Let AB be the line of intersection of the plane of project 
APB with the original plane CPM; let V be the vertex, 
perpendicular to the plane CPM; CM, CR parallel to the axe 
x and y. Let (a, y) be the coordinates of P referred to i 
origin O, and let OB be the axis of y; also let (x, y) be 
coordinates of the corresponding point P’ referred to axes in 
plane OPB, of which OB is the axis of y’, and a line in this pli 
perpendicular to OB is the axis of x’. Let (E, 7, €) be the coor 
nates of V; e=angle P'BN. Then 

PN PN MN PRS 
VO PC MO PNE 
also since OA =— 7, AC =- E, VC=¢, 


a’ sine “2—a2' cose y—y 


= 
SS a 


a-F o 


accordingly 
= a’ (€ cose — & sin e) 
€—2' sine 
_ ¥f—ansine 
¢— x sine 
which are the required formulae. More complicated ones ¢ 


be obtained by the usual methods for the transformation 
coordinates, 


sees an (1), 
y 
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The alternative formulae are 
a at 
£ = >? 
€ cos e — E sin e + æ sin e 
,_ an sin e + y (Ẹ cos e — E sin e) 
¢ cose — E sin e + z sine 


355. Any two points can be projected into the circular points 
t infinity and vice verså. 


Let P and Q be two points in the plane z. Take a point O 
s origin in the line of intersection of the planes z and 7’, such 
hat OPQ is an isosceles triangle whose vertex is O, and let the 
equations of OP, OQ be y = + ma’; and let the equation of PQ 
me =. 

Through PQ draw a plane parallel to the plane z, and let the 
rertex V be a point in this plane whose coordinates referred to O 
re £,0, Lsine. Then the equation of the projection of OP on 
he plane z is 


y (l cos e — E) = mlz, 


md the projection of P is the intersection of this line with the 
ine at infinity on z. If this point is the circular point =y, we 


nust have 
l cos e — E = iml. 


Let e=4r —ıß; then cos e= sinh £, whence 


£ = ıl (sinh 8 — m), 


n= 0, 
G= cosh £. 
Accordingly (2) become 
a lx 
~ aml +a 
oirik: SMBS eee (3), 
,_ miy 
miia 
hich give 
emla’ 
as a 
eT E ec (4). 
ly’ 


238 THEORY OF PROJECTION. 


Equations (3) furnish formulae by means of which any i 
real points can be projected into the circular points ; whilatil | 
furnish formulae for projecting the circular points into a pai y 
real points. It will be observed that the projection is imaginary 


356. It appears from the foregoing articles that all properti 
of a curve which do not involve the magnitude of lines or angi 
are capable of being generalized by projection; whilst those whi 
depend upon the magnitude of such quantities cannot be gener 
ized by this method, except in certain special cases. Hence t 
properties of curves are frequently divided-into two classes call 
metric and descriptive, according as they do or do not involve ti 
magnitudes of lines and angles. But properties relating to lin 
cutting one another at a constant angle, which include theoreti 
concerning orthoptic loci, can be generalized by projection as V 
shall proceed to show. 


357. It is shown in treatises on Conics that the anharmon! 
ratio of a pencil remains altered by projection; from which 
follows that if a line is divided harmonically, its projection is a 
divided harmonically. It is also known that the four straight lin 
a, B, a + kB, 2 — kp, which pass through the point C of the triang i 
of aigan, form a harmonic pencil ;, from which it follows that 
through a point O any two lines be drawn at right angles to oi 
another, these lines, together with the pair of imaginary lin 
drawn from O to the circular points at infinity, form a harmor 
pencil. Hence properties of lines intersecting at right angles c 
be projected into harmonic properties. 


Again, if two straight lines intersect at a constant angle, tl 
anharmonic ratio of the pencil formed by them and the two lin 
drawn from their point of intersection to the circular points 
also constant. Hence properties connected with lines which it 
tersect at a constant angle can be generalized by projection. 


358. The theory of projection also shows that the partivil 
of a curve may be equal to, but cannot exceed, its degree. 4 
fix our ideas, consider an elliptic limacon with two real poin 
of inflexion. If any line in the plane of the curve be projecte 
to infinity, the projected curve will be quadripartite, tripartit 
bipartite or unipartite according as the line intersects the cur 
in (i) four real points, (ii) two distinct and two coincident re 
points, (iii) two real and two imaginary points, and (iv) fot 


— 
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naginary points respectively. Also by means of an imaginary 
rojection an elliptic limacon with two imaginary points of 
nflexion can be projected into a quadripartite quartic. 


359. In order to apply the theory of projection with advantage, 
he first step is to draw up a table of the simplest form or forms 
hich curves of any given species can assume. The next step is 
o investigate the properties of these simple forms by any con- 


aimplest forms of cubic and quartic curves, and shall incidentally 
show that a variety of results, some of which are known whilst 
thers are probably new, may be deduced from the properties of 
various well known curves. 


Cubic Curves. 


360. Any nodal cubic can be projected into the logocyclic 
curve; and every cusprdal cubic into a cissoid. 


The equation of the logocyclic curve in its simplest form is 
p(a? + y*)= a(x? — y), and therefore contains one constant. 
Pransfer the origin to any point in the plane (æ, y) and two 
more constants will be introduced, which make three. Project 
on any plane passing through the new origin, and five more 
constants will be introduced making eight, which is the number 
of independent constants which the general equation of a nodal 
cubic contains. 


The logocyclic curve has one real point of inflexion J at in- 
finity, and the asymptote is the inflexional tangent; hence the 
tangent at the vertex A is the tangent drawn from the real 
point of inflexion to the curve. Now since the nodal tangents 
bisect the angles between OJ and OA (which are at right angles) 
it follows that these lines together with the nodal tangents form 
a harmonic pencil; hence the possibility of projecting any nodal 
cubic into the logocyclic curve, depends upon the following theorem, 
which we shall proceed to prove. 


361. If from any point of inflexion A of a cubic whose node 
is B, a tangent be drawn touching the curve at C, the lines BA, 
BC together with the nodal tangents form a harmonic pencil. 
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If ABC be the triangle of reference, the equation of the ¢ 

is 
a? (uB + vy) + mBry? = 0, 
and the nodal tangents at B are ya?+my?=0, which togel 
with BA, BC form a harmonic pencil. 


It might however have happened, in the case of a nodal cl 
that the four lines in question did not form a harmonic penci 
which case it would not be possible to project every nodal c 
into, the logocyclic curve. We shall have examples of this in 
case of quartic curves; and it is necessary to warn the reader | 
counting the constants is not always a safe process, since | 
condition thereby furnished, although a necessary one, is 1 
always a sufficient one. 


It can be shown in a similar manner that every cuspidal cu 
can be projected into a cissoid; also since the reciprocal curve i 
cubic of the third class, properties of one cuspidal cubic can 
deduced from those of another by reciprocation. 


362. We shall now give some examples of the project 
properties of nodal cubics. From the theorems of § 131 : 
127 we obtain :— 


(i) From the point of contact A of the tangent from any pe 
of inflexion I of a nodal cubic, draw a chord APP’. Join 1 
cutting the cubic in p. Then the tangents at P and p intersect 
the curve. 


(ii) If from a point of inflexion of a nodal cubic a tangent 
drawn, and through the point of contact any chord be drawn, 
locus of the point of intersection of the tangents at the other t 
ports where the chord cuts the curve is a cuspidal cubic, whose ci 
coincides with the node of the cubic. 


The reciprocal theorem is the following :— 


(iii) Let any cuspidal tangent of a tricuspidal quartic cut t 
curve at O; from any point on the tangent at O draw a pair 
tangents to the quartic. Then the envelope of their chord of cow 
ts a cuspidal cubic. 


363. Every anautotomic cubic can be projected into the circul 
cubic 


a(x? + yY + a*) =b (a*— y?), 
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For if the origin be transferred to any point two new constants 
are introduced, and projection adds five more making altogether 
nine, which is the number of independent constants which the 
general equation of a cubic curve contains. 


364. There is another form of an anautotomic cubic which is 
occasionally useful, in which the circular points are points of 
inflexion. This form, so to speak, localizes the circular points, and 
thereby enables properties connected with points of inflexion to 
be deduced from those of the circular points. By § 123 the 
equation in question may be written 


(+ y’)(@+a)+e=0, 


| where «+a=0 is the tangent at the real point of inflexion at 
infinity. By transferring the origin to one of the points where 
the axis of x cuts the curve, the equation may be written 


æ (a + y’) + (38 — 2a) 2° + By? + (B — a) (388 — a) s =0, 


where by § 49, 2+ 8=0 is the tangent at the real point of 
inflexion at infinity. If the origin is a node, a=38 and the 
equation of the curve becomes 


x (x + y*) — 38x? + By? = 0, 
| which is the trisectrix of Maclaurin. 


365. It may be shown by the method of § 70, that an ellipse 
intersects the lines y = + cba/a at two imaginary points at infinity, 
which may be called the elliptic points at infinity; hence a theory 
of elliptic cubics exists of the same character as that of circular 


| cubics. The equation of such a cubic is 

un (a? Ja? + 2b?) + Us + th + Uo = O, 

| and the properties of these curves may be derived either directly 
| or by projecting those of circular cubics. When the two points 
coincide, we obtain a parabolic point at infinity, which 1s the point 
Tof contact of a parabola with the line at infinity; whilst the 
hyperbolic points at infinity are the two real points where a 
"hyperbola touches its asymptotes. 


16 
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Quartic Curves. 


366. We shall first consider the projection of a quartic wi 
three double points. 


We have already shown that any two imaginary points may | 
projected into a pair of real points; if therefore a quartic has 
pair of imaginary nodes or cusps, the curve may be projected int 
a quartic having a pair of real nodes or cusps; also the triang 
whose vertices are the double points may he projected into : 
equilateral triangle, such that any given point in its plai 
coincides with any given point in the plane of the origin 
triangle. Whence :— 


Any tricuspidal quartic may be projected into a three-cuspe 
hypocycloid or into a cardioid. 


The projection may be accomplished in the first case b 
projecting the cuspidal triangle into a real equilateral triangle 
whose centre of gravity coincides with the point of intersection ¢ 
the three cuspidal tangents; whilst in the second case, two of th 
cusps must be projected into the circular points at infinity. 


367. We shall now give some examples. 


We have shown in § 325 that:—Jf any tangent to a three 
cusped hypocycloid cuts the curve in P and Q, the tangents at thes 
points intersect at right angles on a circle which touches the hype 
cycloul at three points; also the line at infinity is the only doubl 
tangent, and the points of contact are the circular points. Whene 
by projection :— 

(i) If any tangent to a tricuspidal quartic cuts the curve ù 
P and Q, the tangents at these points intersect on a conic, which 
(a) touches the quartic at three points ; (B) intersects it at the point 
of contact of the double tangent; (y) also the point of intersectio 


of the three cuspidal tangents is the pole of the double tangent wit 
respect to the conic. 


From § 357, it follows that :— 


(ii) The two tangents, together with the lines joining thei 
point of intersection with the points of contact of the double tangent 
form a harmonic pencil. 
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In § 301 we proved that :— 


Tangents at the extremities of a chord drawn through the real 
cusp of a cardioid intersect at right angles on a circle, whose centre 
as the triple focus, and which touches the cardioid at the point where 
the cusprdal tangent intersects it. 


Whence by projection :— 


(i) Lf through any cusp of a tricuspidal quartic a chord be 
drawn cutting the curve in P and Q, the tangents at these points 
intersect on a conic which (a) touches the quartic at the pont of 
intersection of the cuspidal tangent with the quartic; (8) passes 
through the other two cusps of the quartic; (y) also the point of 
intersection of the cuspidal tangents to the quartic is the pole of the 
line joining the other two cusps with respect to the conic. 


(iv) The tangents at P and Q, together with the lines joining 
their point of intersection with the other two cusps, form a harmonic 
| pencil. 

From the theorem that the evolute of a cardioid is another 
-cardioid, we obtain :— 


(v) Through any point P on a tricuspidal quartic draw two 
| straight lines to a pair of cusps; draw the tangent at P and the 
| harmonic conjugate of these three straight lines. Then the envelope 
of the harmonic conjugate is another tricuspidal quartic, two of 
whose cusps coincide with the pair of cusps of the original quartic. 


368. Any quartic having a node and a pair of cusps can be 
| projected into a limaçon. 


For the quartic can be projected into a curve having a node at 
the origin and a pair of cusps at the circular points, and the 
| limacon is the only quartic having these singularities at the above 
| mentioned points. 


The ninth species of quartics, of which the limaçon is one of 
“the simplest forms, is of great interest owing to the fact that such 
f curves reciprocate into quartics of the fourth class. We may 
therefore deduce properties of quartics belonging to this species 
by first projecting those of the limaçon, and then reciprocating the 
projected curve with respect to any origin. 

| 369. In the limaçon, the nodal tangents, the line joining the 
node with the triple focus and the line drawn DTE 
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parallel to the double tangent form a harmonic pencil. The tw 
last lines being parallel, intersect on the line at infinity; whene 
the projective theorem is :— 


(i) In any quartic of the ninth species, the nodal tangent: 
together with the lines joining the node to the point of intersection o 
the cuspidal tangents and to that of the double tangent with the lin 
drawn through the cusps, form a harmonic pencil. 


A direct proof of this theorem may be given as follows. Le 
A be the node, B and Č the cusps, D the point of intersection a 
the cuspidal tangents and Æ the point where the double tangen 
intersects BC. The equation of the quartic is 


By? + pE + PER — apy (la + AWB + ruy) = 0...... (1), 
whence the equation of AD is 
v — wy =Q ..cccsenccees ee eee (2). 
By § 191, the equation of the double tangent is 
(l+ pv) a+ 2X(vB + py) = 0, 
whence the equation of AF is 
vp + py = 0 ......0.0ee eee (3). 
The equation of the nodal tangents is 
v’ R? + pi’ — 2l By =0, 


whence writing l= wv cosh 0, the equation of the nodal tangent 
becomes 


pencil. 


370. From the theorem of § 287 we obtain by projection : 


(ii) Tangents at the extremities of any chord through the noa 
of the quartic intersect on a nodal cubic, which passes through tl 
cusps of the quartic. 


Reciprocating this theorem, we obtain :— 


(iii) From any point on the double tangent to the quartic dra 
a pair of tangents to the curve; then the envelope of the chord o 
contact is a tricuspidal quartic, which touches the two inflexion 
tangents of the first quartic, 
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The external focus F, is the only single focus of an elliptic 
limagon, and is therefore the intersection of the tangents drawn 


from the circular points to the curve; whence by projecting the 
theorem of § 286 we obtain :— 


(iv) From each cusp draw a tangent to the quartic, and through 
their point of intersection draw a chord cutting the quartic in two 
real points ; then the locus of the point of intersection of the tangents 
at these points is a cuspidal cubic which passes through the cusps of 
the quartic, and whose cusp coincides with the node of the quartic. 


Reciprocating, we obtain :— 


(v) Let O be any point on the line joining the two points where 
the two inflextonal tangents intersect the curve ; from O draw a pair 
of tangents to the quartic which touch the curve at two real points ; 
then the envelope of the chord of contact ts a cuspidal cubic which 
touches the inflexional tangents of the quartic, and whose inflexional 
tangent is the double tangent to the original quartic. 


One caution is necessary. The line through the external focus 
of an elliptic limaçon cuts the curve in two real points P, Q and 
two imaginary ones P’, Q, or in four imaginary points. Now an 
imaginary projection, which converts the circular points into two 
real cusps, may convert the two imaginary points P’, Q into two 
real points, whilst P and Q still remain real. Hence we must be 
careful to take the tangents at the pair of points corresponding to 
P and Q or P’ and Q’, and not to P and P’. Similar observations 
apply to the reciprocal theorem. 


371. Every quartic having three biflecnodes may be projected 
into a lemniscate of Bernoulli. 


We have shown in § 170 that when a quartic has three biflec- 
nodes two of them must be real and one complex, or one must be 
real and the other two imaginary. Hence in the two respective 
cases, the two real or the two imaginary bifleenodes must be 
projected into the circular points at infinity, and the curve will 
become a lemniscate. 


372. Properties of quartics having three biflecnodes may also 
be deduced from those of the four-cusped hypocycloid, or the 
evolute of an ellipse. We have shown in § 332 that the reciprocal 
polar of the hypocycloid is a? (a? + y’) = «*y’, which if the axes are 
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cs 


turned through an angle ¢ becomes 4a? (æ + y’) = (a? — yY. Bi 
§ 188 this curve has a complex biflecnode at the origin and a pai 
of real ones at infinity which lie on the lines y= + z, and if in (8 
of § 355 we put l= %, m= 1, the resulting formulae project th 
two real biflecnodes into the circular points, and the curve projeci 
into the lemniscate 4a? (4? — 2) = (æ? + 4°}. Applying this pro 
jection to the theorem at the end of § 339, the circle becomes i 
rectangular hyperbola, whence :— 


If a pair of real tangents be drawn to a lemniscate from ! 
point on the curve, the envelope of the chord of contact is a rect: 
angular hyperbola whose centre is the real node of the lemniscate. 


In the general case of any quartic with three bifleenodes, the 
locus is a conic; but when four real tangents can be drawn froni; 
point on the quartic, care must be taken to select the two pair 
which correspond to the two real or two imaginary tangents which 
can be drawn to the lemniscate. 


373. Properties of quartics having two nodes and a cusp or 
three nodes may be deduced from those of bicircular quartics 
having the same singularities. In the first case the bicircular 
quartic must be the inverse of a parabola, and in the seconds ase 
the inverse of a central conic. 


374. Another class of simple forms may be deduced by the 
following method, which is one of general application. Let the 
triangle of reference be projected into an equilateral triangle in 
such a manner that the line la + mB + ny = 0 becomes the line at 
infinity. Then if (a, 8, y), (a', 8’, y) be corresponding points in 
the two planes, it follows that the line (l, m, n) is projected into 
the line a’ +8’ +y =0; hence we may take a’=la, 8' = mf, 
y = ny, and the substitution of these values in the equation of the 
curve will furnish a simpler curve of the same species. 


375. When a trinodal quartic is such that the tangents at 
each node together with the lines joining this node to the other 
two nodes form a harmonic pencil, the quartic can be projected 
into another curve in which the three nodes are situated at the 
vertices of an equilateral triangle and the lines bisecting the three 
nodal tangents intersect at the centre of gravity of the triangle: 
For this special class of quartics the theorems of $ 192—4 may 
be at once proved by inspection ; but although theorems connected 
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with this special class of quartics cannot be generalized for every 
trinodal quartic by projection, it is worth while to point out that 
the study of a special form may often suggest theorems which 
although incapable of being proved in the general case by pro- 
jection, are nevertheless true, and may be established by other 
methods. We may add that the lemniscate of Gerono, § 258, is 
one of the simplest quartics having a biflecnode and a tacnode ; 
whilst the conchoid of Nicomedes, § 305, is one of the simplest 
forms of a quartic having a tacnode and one other double point, 
which may be a node or a cusp. 


376. All the projective properties of binodal quartics, in 
which the two nodes are of the same kind, may be deduced from 
those of bicircular quartics; but if the nodes are different, as in 
the case of a quartic having an ordinary node and a flecnode, this 
method cannot be employed, but a special investigation is neces- 
sary. The projective properties of bicuspidal quartics may be 
deduced from those of cartesians. 


377. With regard to quartics having a tacnode cusp or an 
oscnode; or a rhamphoid cusp or a tacnode with or without 
another double point, simple forms may be obtained by taking 
the singularity as the origin or projecting it to infinity. And 
when there are two singularities, both may be projected to infinity 
by performing this operation on the line joining them. 


On a Special Quartie. 


378. The general expression for a ternary quartic contains 
fifteen terms which may be arranged in five sets of three. The 
leading terms of each set are a’; a8; ay; €B, a®By, constant 
multipliers being understood. 


The first set equated to zero is the equation of a quartic 
having twelve points of undulation, four of which are real and the 
remaining eight are imaginary. The second set 1s the quartic 
whose properties will now be discussed, whilst the third set repre- 
sents the same quartic differently situated with respect to the 
triangle of reference. The fourth set is the equation of a quartic 
having three biflecnodes. The fifth set represents four straight 
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lines; whilst the sum of the fourth and fifth sets is the equati 
of a quartic having three double points. 


379. The equation 
leB + my + nya=0......... (1) 


has been considered by Klein in connection with a septimic trans 
formation in the Theory of Functions*. Putting a=0, we obtan 
By = 0, which shows that C is a point of inflexion, and that BCi 
the tangent at C; hence A, B and C are points of inflexion, anc 
CA, AB and BC are the tangents at these points. The peculiarity 
of this quartic is that there are three other real points of inflexior 
A’, B, C such that A’B’, BC’, C'A’ are the tangents at these 
points, and that the equation of the quartic referred to A’B'C i 
of the form Aay + pry?P’ + vB"%a’ = 0; also a conic can be described 
through the six points A, B, C, A’, BY, C’. It will, however, bi 
unnecessary to consider the general case, since the above theorem: 
can be proved by investigating the special case of a quartic which 
is symmetrically situated with respect to an equilateral triangle, 
and then generalizing by projection. 


380. The equation of the quartic may now be written 


reference is 
By + yat ap =O... eeen e (3). 


To find where (3) cuts (2), eliminate y and put 8/a = k, and we 
shall obtain 


A ; and the second factor gives the remaining five points of inter- 

section of the circle and the quartic. This may be written in the 
form 

(1 +h +h) (1 + 2k k —IP) =0............... (5). 

The factor 1+ k+ k?, when equated to zero, gives the lines 

joining C to the circular points at infinity ; whilst the equation 


KS 4- fe? == Dir 4 1............ (6) 


* Math. Annalen, vol. xiv. p. 428. 
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gives the remaining three points A’, B’, C’; and we shall now 
show that these are points of inflexion. 


Let the equation of CA’ be ak =8, where k is one of the roots 
of (6); then since A’ lies on (3), we find that the equation of AA’ 
is 8+(k+1)y=0, whence the coordinates of A’ are 


B=ka, y= kal +h)... (7). 
Also the polar conic of any point (&, n, &) is 
dEn + B'S + CE + aBE + Ryn? + yat?=0......... (8), 
and therefore the polar conic of A’ is 
k82 + ky? ke ya 
ALe i 
ka Ey ey a aga Ocoee (9), 
and the discriminant is 
a L (10). 


(l+ky na myi +k 
Now (6) may be written 


k — 
Gaal ~ 


Using this in the third term of (10) we obtain 


Mie = k Ea 


A 
k+l Tie 3K). 


Using (6) again, we obtain after some reduction 


2-1 
4A = gett 2k — 1) 


= 0. 


Whence the polar conic of A’ breaks up into two straight lines, 
and therefore A’ is a point of inflexion. In the same way it can 
be shown that B’ and C are points of inflexion; whence a circle 
can be described through all six points of inflexion. 


From (7) it follows that the equation of a line through C 


parallel to AA’ is 
(Lt) + KB = Orne (12), 
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and this line intersects the circumscribing circle at a point J 
such that y=k8; whence the coordinates of B” are 
a=—k8/1+k), y= uo eee (13). 


Now if in (6) we substitute — (1 + k)/k for k, we shall find tł 
it is satisfied; hence this quantity is another root of the cubi 


circumscribing circle with the curve; hence B” coincides with 1 
In the same way it can be shown that the coordinates of C’ are 


a= ky, B=—ky/(1 +h)....... cae (14), 
and that CC’ is parallel to A'B. Whence the three pairs « 
straight lines AA’, CB’; BB’, AC’; CC’, BA’ are respectivel 
parallel to one another; also — (1 + ky™ is the third root of th 
cubic (6). Collecting our results, we find that the coordinates « 
A’, B’, @ are determined by the equations 


A’, B=ka, y=—-ka/At+ k)\ 
B, a=—kB/A +h), y=ke 
C, a=ky, B=- kyl +h); 
The equation of the tangent at A’ is 
a (3En + E) +B (BrE + &) + y (BEE +7’) = 0. 


Substituting the values of (£, n, ©) from the first of (15), thi 
becomes 


ke 3k 3h? | 

3k — -a -—— = ). 

al artel- -p triet a O... (10N 

To prove that the tangent at A’ passes through B’, substitut 

for (a, 8, y) in (16) the coordinates of B’ from the second of (15) 
and we obtain 

ks 3k 
(1 + k) (1 +k)?’ 
which by means of (6) and (11) may be shown to vanish. This 


shows that A’B’, B'C’, C’A’ are the tangents at the points o 
inflexion A’, B’, C. 


—3P414+h4 


381. It remains to prove that the triangle A’B’C’ is equi- 
lateral. 


Since BB’ is parallel to AC’, and ABB'C lie on a circle, 
BCA =r -CBB = BAC’; 
whence A+CAC=C + ACA’ 
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A=C=BOC'A 
= BCA’ + ACA’. 
Whence C’ = BC'A’ + CAC’, 
accordingly BCB = CAC’ 
= CBC = CBC, 


whence BC" is parallel to B'C and AA’. Accordingly 
BC A' = BAA’ = ABC’, 
therefore 4r = B = CBC + ABC 
= BOP + BOA = 0, 
whence the triangle A’B'C’ is equilateral. 


382. The quartic (1) is anautotomic; for its discriminant is 
equal to 26/mn, which cannot vanish unless one of the constants 
l, m, n is zero, in which case the quartic splits up into a cubic and 
a straight line. 


By tracing the symmetrical quartic, it can easily be seen that 
the points A, A’, &c. are the only six real points of inflexion ; and 
also that the quartic has only three real double tangents which 
touch the curve at real points, and that the six real points of 
inflexion and the six points of contact of these double tangents lie 
on two concentric circles. If in addition we eliminate y between 
(2) and the line at infinity, we obtain (a?+4@ + 6*))=0, which 
shows that this line is a double tangent whose points of contact 
are the circular points. If therefore we generalize by a real 
projection, we obtain the theorem :— 


The six real points of inflexion, and the six real points of 
contact of the three double tangents lie on two conics which touch one 
another at the two imaginary points where a fourth real double 
tangent touches the quartic. 


The projection may be accomplished as follows. Let the 
equilateral triangle ABC be projected into the triangle A’BC ; 
and let (a, 8, y) and (a’, 8’, y’) be the coordinates of two corre- 
sponding points P and P’ in the two planes referred to the — 
ABC and A'B’C’ respectively; also let the projection be such 


that 7 , 
a=, B=P]e, v=], 
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then the line at infinity and the circums 
the line 


a+ B/p+y/v=0, — 

and the conic Ald +u + v/y’ =0, g 
whilst the quartic projects into the curve 

aB [Nu + B° [u*v + y a'h = 

which will be identical with (1) if A = (m/n) & ; 


ADDENDA AND CORRIGENDA. 


I. In §§ 27—28 the number of tangents which can be drawn to a 
curve from a node or a cusp should be m— 4 and m-— 3 respectively. 


From any point O not on a curve the number of tangents is m. 
When O lies on the curve, two of the tangents coalesce with the 
tangent at O, leaving m-2. When O is a node, two pairs of tangents 
coalesce with the two nodal tangents, leaving m— 4. When O isa cusp, 
three tangents coalesce with the cuspidal tangent, leaving m — 3. 


$ 


II. The Cayleyan of a nodal cubic is a conic. 


The investigation of § 118 is not applicable to nodal cubics, since 
the canonical form has been used. We shall therefore prove that the 
Cayleyan of the logocyclic curve is a conic, whence by projection the 
theorem is true for any nodal cubic. 


The equation of the curve is % (a2 +y) =a (a? —-y"); whence writing 
down the polar conic of any point (h, k) from (8) of § 130 it will be 
found that the equation of the Hessian is 


BAKE + h = (BaH) (1); 
also if é and y be the reciprocals of the intercepts which the polar 


conic cuts off from the axes 


a 

Em k = peter 
E Dag? (3 — 2a€) 9 
Since the polar conic of every nodal cubic passes through the node, 


it follows that if (A, k) lie on the Hessian, the polar conic consists of 
the line xé + yn= 1 and a line through the origin. The envelope of the 
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former line is the Cayleyan; whence eliminating (h, k) between (1) ai 
(2), the tangential equation of the Cayleyan will be found to be 


a® (22-77) =a + 2, z 


which represents a conic. 


III. In connection with trinodal quartics, the following theore 
due to Ferrers* may be noticed. His proof is instructive since i 
illustrates a method by which properties of trinodal quartics may I 
derived from conics. The theorem is :— 


The six stationary tangents of a trinodal quartic touch a conic. 


Let the equation of the trinodal quartic be 


ARY + pya + vaf? + 2aBy (la+mB+ny)=0......... (1), 
and that of any tangent be 
: éa + 9B + Cy =Q. ge (2). 


If one of the coordinates, say y, be eliminated, the condition that 
(2) should be a stationary tangent is that three of the roots of the 
resulting equation in a/8 should be equal. If therefore we write l/a, 
1/8, 1/y for a, B, y the conditions are the same as that the conics 


da? + ph? + vy? + WBy + mya + 2naB=O0.............. 
and EBy + nya + CaB=0..........0... 


should have a contact of the second order with one another. Writing 
these in the form S=0, S’=0, it follows that if Æ be determined so 
that the discriminant of S+4S’=0 vanishes, the last equation will 
represent the three pairs of straight lines which can be drawn through 
the points of intersection of S and S’. By (4) of § 2, it follows that if 
A, 4’ be the discriminants of S and S’ the discriminant of S$ + 4S’ when 
equated to zero is 
AP + 30% + 30’ +A =10.........7. ce (5), 
where 

30 = 2 (mn — lA) é + 2 (nl — mp) q+ 2 (lm — nv) é, 

3O'= — AS? — py? — vl? + Wl + W2nLE + 2nén, 

A’ = Déné. 

The conditions that the conics S and S’ should have a contact of 

the second order with one another are that the three roots of (5) should 
be equal ; which by (13) of § 7 are that 


* Quart. Journ., vol. xviii. p. 73. 
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These equations are equivalent to A@’=@? and A'®=@"; the first 
f which, being an equation of the second degree in é, n, & is the 
tangential equation of a conic which is touched by the six inflexional 
tangents. The second equation represents a curve of the fourth class, 
which also touches the six inflexional tangents. 


IV. The duplication of the cube may be effected by means of the 
conchoid of Nicomedes in the following manner. 


Let AB =a, AC =b be two straight lines intersecting at right angles 
at A. On AC produced take a point D such that AD =2b. On the 
side of AC remote from B take a point O, such that OAC is an isosceles 
triangle whose sides OA, OC are each equal to 4a. Draw OM perpen- 
dicular to AC, and through A draw AF parallel to OD; draw OF 
perpendicular to A#, and with O as the node and AE as the asymptote 
describe the conchoid 
r= OE cosec 6 + ha 

cutting CA in P. Join OP cutting AF in Q; then AP and OQ are the 
two required mean proportionals. 


Since AD = 26 and PQ =a, and 
OG PQ :: ADAP, 
we have OW) Ble =e 01) a ee eee (1). 
Also OM? =1(a? - 6), 
(0Q + $a = OP?=0M? + PM? 
=1(a?— b?) + (AP + $V, 


whence AP(AP+6)=0Q(0Q+ a), 
and therefore by (1) AE = O70 ; 

3 AB AP OQ 
accordingly We o0 a0 


The three famous problems of antiquity were (i) the quadrature of 
the circle; (ii) the duplication of the cube, or the problem of finding 
two mean proportionals between two straight lines; and (iii) the tri- 
section of an angle. The reader who desires to study the history of 
this subject is referred to the following works :—Leslie’s Geometrical 
Analysis, edition 1821 ; Gow’s History of Greek Mathematics ; Lardner’s 
Algebraic Geometry; Gregory's Examples; the Articles by De Morgan 
in the Penny Cyclopedia; and Klein’s Famous Problems of Elementary 


Geometry. 


THE END. 
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